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Abstract

I study the Pareto efficient income taxation in a Mirrlees economy with hu-
man capital formation. I provide a general framework for analyzing the problem,
show that human capital formation effectively makes preferences nonseparable
over labor supply, and derive a tax formula that holds in any efficient alloca-
tion. I compare it with the optimal tax formula in a Ramsey economy, and show
that they differ because the Ramsey planner does not take into account dynamic
changes in the earnings distribution.

I show that a model with learning-by-doing, as well as a model with learning-
or-doing are special cases of this framework, and compare their implications for
the efficient tax structure. I show that in both models the optimal marginal tax
rates decrease with age, despite the fact that both models respond differently to

any given tax change.
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1 Introduction

In this paper I study Pareto efficient allocations and taxes in dynamic Mirrlees economies
where agents” human capital is endogenous and unobservable. To that end, I spec-
ify a very general framework that is suitable to study such problems, and study its
properties. The framework does not explicitly include human capital formation, but
features a utility function that is nonseparable in labor effort over time. I show that
the two of the best known models of human capital formation, learning-or-doing
model and learning-by-doing model, emerge as special cases. That is, endogenous
human capital formation in both models induces reduced-form preferences over se-
quences of labor effort that are nonseparable. The intuition for that is relatively
straightforward: In the learning-by-doing model past labor effort shows up directly
in the current period utility function through the accumulated human capital. In the
learning-or-doing model the nonseparability is an implication of the fact that time
spent accumulating human capital is endogenous and interacts with work effort.

I extend the framework of Kapicka (2014) to allow for income effects and arbitrary
Pareto weights and derive a novel simple condition that shows how the marginal in-
come taxes change over time in any Pareto efficient allocation. The condition does not
directly depend on either the Pareto weights (equivalently, on the social welfare func-
tion), or on the distribution of abilities. It only depends on a set of coefficients that
determine how the required information rent in any period j responds to changes in
labor effort in any period t. The social planner will tend to decrease the marginal
income taxes and increase labor effort in period ¢ if higher labor effort decreases the
information rent in period j. In other words, if labor effort in period ¢ is comple-
mentary with labor effort in period j, marginal taxes should be lower. Changes in
the interactions among labor effort in different periods determine the intertemporal
profile of the optimal marginal income taxes.

How exactly the labor effort interacts over time obviously depends on the tech-
nology for human capital formation. I first study the implications of a canonical
learning-by-doing model (Imai and Keane, 2004) for the optimal taxation in a life-

cycle economy. I calibrate the economy to reproduce the observed life-cycle profiles



of hours worked and wages, as in Wallenius (2011). I decompose the determinant
of the optimal tax rate into the contemporaneous effect on the information rent, the
overall effect on past labor effort, and the overall effect on the future labor effort. I
call the effect on past labor effort an anticipation effect (since the individual changes
its labor effort in response to an anticipated changes in future tax rates), and the ef-
fect on the future labor effort an accumulation effect (since the individual changes
its labor effort due to changes in the accumulated stock of human capital).! T find
that the anticipation effect is negative because an increase in the current labor effort
increases the benefit from higher human capital, and is complementary with labor
effort in the past. Moreover, the anticipation effect becomes stronger with age, con-
tributing to a decreasing profile of the optimal tax rates. The accumulation effect is
also negative, because an increase in the current labor effort increases the stock of
human capital in the future, which in turn improves incentives to work in the future.
Contrary to the anticipation effect, the accumulation effect becomes weaker with age,
and contributes to an increase in the marginal tax rates over time. The accumulation
and the anticipation effects thus move in the opposite direction. Both of them are,
however, dominated by the contemporaneous effect. The contemporaneous effect is
positive and declines with age. An intuitive explanation is that the own-Frisch elas-
ticity decreases with age, because taxes in the initial periods have only a small effect
on current hours worked. Later in the life-cycle the contemporaneous effect weak-
ens as labor effort elasticity goes up. Since the contemporaneous effect dominates,
the marginal income taxes decrease with age. While the findings hold for a range
of plausible parameter values, they are not completely general. I show that by con-
structing a simple example where the optimal marginal tax rates are constant from
the second period onwards, and an example where they cycle.

A unified framework also allows me to compare the implications of the learning-
by-doing model with the implications of a learning-or-doing model (Ben-Porath,

1967), where individuals can invest in human capital by training on the job. The

IThe terminology is similar to the terminology used in Best and Kleven (2013), but the definition is
different, because the effects are defined directly in terms of the information rent, and not in terms of
the elasticities.



model with learning-or-doing technology has been studied in detail in Kapicka (2014).
The comparison is interesting, because both the technology of human capital forma-
tion in both models is very different. In the learning-by-doing model the current labor
effort is complementary with labor effort in other periods, while in the learning-or-
doing model the time spent working competes with the time spent accumulating
human capital, and the current labor effort can in effect become a substitute for labor
effort in other periods. As a result, both models have a very different response to
any given change in the tax rates. For example, a temporary increase in the marginal
income tax rate leads to a decrease in the future labor effort in the learning-by-doing
model, but in the learning-or-doing model the future labor effort increases.” It is
then intuitive to expect that those differences will manifest themselves in different in-
tertemporal profiles of marginal income taxes. I thus calibrate the learning-or-doing
model to reproduce the same set of facts as the learning-or-doing model and show
that, despite differences in the underlying mechanisms, the learning-or-doing model
also predicts a decreasing pattern in the optimal marginal tax rates over time. Inspect-
ing the contribution of each of the three effects, however, reveal the underlying differ-
ences in both models. Most importantly, the contemporaneous effect contributes to
a decrease of the marginal income taxes because labor effort elasticity now decreases
with age. However, the contemporaneous effect is no longer dominant. The antici-
pation and accumulation effects are not monotone over time, and they can be both
positive or negative. Taken together, however, they prescribe a decreasing pattern of

the marginal tax rates, and their contribution dominates the contemporaneous effect.

The intertemporal profile of the optimal marginal income taxes that arises in the
Mirrlees model is similar to the intertemporal profile of the optimal marginal income
taxes in the representative agent Ramsey model. I show, however, that they are not
identical unless the coefficient of relative risk aversion is equal to one. To understand
the differences between both models, I use a dual approach, where the government
chooses the tax functions directly, rather than inferring the optimal tax structure indi-

rectly from the efficient allocations, which is the primal approach. The dual approach

2Similarly, Cossa, Heckman, and Lochner (1999) finds that both models respond differently to
changes in the wage subsidies, for example in the Earned Income Tax Credit.
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to Mirrlees optimal taxation has been pioneered by Saez (2001), and extended by Best
and Kleven (2013).° It has it's advantages in that one expresses the optimal tax formu-
las directly in terms of labor supply elasticities, and the costs and benefits of choosing
a tax rate are more transparent. On the other hand, it loses its tractability if there is
more than two periods, and the role of the underlying model structure is less clear.

I therefore limit attention to a two period economy when using the dual approach.
I show that the key difference between the Mirrlees approach and the Ramsey ap-
proach is that the Mirrlees planner takes into account that the distribution of earn-
ings changes in response to a change in taxes, while the Ramsey planner does not.
More precisely, it is the difference in response of the earnings distribution over time
that differentiates Mirrlees from Ramsey: if the distribution of earnings responds
identically over time, the Mirrlees optimal tax formula is identical to the Ramsey for-
mula. This happens precisely when the coefficient of relative risk aversion equals one,
confirming the findings from the primal approach. It is also worth noting that the
insights into differences between Ramsey and Mirrlees taxes apply more generally,

although they are especially useful in models with human capital.

The paper follows the Mirrlees approach to the optimal income taxation (Mirrlees,
1971, 1976). The Mirrlees approach has been recently extended to dynamic environ-
ments by Golosov, Kocherlakota, and Tsyvinski (2003), Kocherlakota (2005), Farhi and
Werning (2012), Golosov, Tsyvinski, and Troshkin (2013), and many others. Most of
the literature on dynamic Mirrlees taxation, however, assumes that abilities are ex-
ogenously given, and abstracts from endogenous human capital formation. Papers
that are most related to this are Best and Kleven (2013) and Kapicka (2014). Best and
Kleven (2013) study a dual Mirrlees problem in a two period economy with learning-
by-doing technology, and parameterize the technology to match empirically relevant
interdependencies in labor effort (called ”career elasticity”). Relatively to Best and
Kleven (2013), I provide a more general framework for the optimal tax problems
with unobservable human capital formation, which encompasses both the learning-

by-doing and learning-or-doing models. I also focus on the primal approach that is

3The distinction between primal and dual approaches is well established in the Ramsey literature.
It is not usually used in the Mirrlees literature, despite the fact that it applies equally well.
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suitable for models with more than two periods. The general framework restricted to
economies with no income effects has been studied by Kapicka (2014), but only for
the learning-or-doing technology. Finally, several papers have analyzed optimal taxa-
tion in models where human capital formation is observable, and gives rise to a joint
problem of finding the optimal income tax and human capital subsidies. Bovenberg
and Jacobs (2005), Stancheva (2014) and Findeisen and Sachs (2014) study optimal
taxation and educational subsidies in a model where education costs physical re-
sources rather than time, and Bohdcek and Kapicka (2008) study optimal taxation

and educational subsidies in a learning-or-doing model.

2 The Model

The general formulation is as follows. The agents live for T + 1 periods, where T is
tinite. They work z; € R; hours and consume ¢; € R, at age t. The utility function

is given by
T
W(cl,z") = Y piU(er) —V (ZT> , (1)
t=0

where ¢ = (¢;)[_, and zT = (z;)L,. The function U : R} — R is increasing and
concave, and the function V : R; — R is increasing and convex in all arguments.
Each individual is associated with an ability level 6 € [0, 9] = ©, which does
not change with age. The ability is drawn from a distribution function F, which is
differentiable and has density f. Agent’s ability together multiplied by hours worked
determine the number of the efficiency units of labor supplied. The earnings in period

t are then
Ye = wibzy, ()

where w; is the wage rate per efficiency unit of labor.



2.1 Pareto efficient allocations

I will adopt a standard assumption that consumption ¢ and income y” is observable
by the planner. Hours worked z and idiosyncratic productivity 6 are, on the other
hand, a private information of the agent. The agents submit, at the beginning of
period zero, a report 8 € O to the social planner. The planner chooses consumption
cT(0) = (c+(9))L, and earnings yT(0) = (y:(0))L, as functions of the reports. The

allocation must be feasible, i.e. to satisfy the present value budget constraint:

0T 0T
| LR clo)f@)do < [ 3R wi(0)£(0) b, ©
L LA

where R > 1 is the interest rate. Incentive compatibility requires that the allocation

for a f-type agent is preferred to the allocation for any other type:

W (cT(e), @) > W (aT(é), ﬂé)) V6,0 € ©. (4)

0

A necessary condition for incentive compatibility is
T o T T
gy Y (0)) _ / y () yele)
W (c (0), 9 ) =W+ A tE—OVZt - 2 de V0 € O. )

where W = W (CT(Q), %i@) is the lifetime utility of an agent with the lowest ability
0. The last term on the right-hand side of the envelope condition (5) is the overall
information rent from having ability 8. The information rent is the total of a sequence
of period information rents V, %.

The planner is constrained by the incentive constraint. In what follows, I will only
constrain the social planner by the envelope condition, thus solving for a relaxed
problem. The envelope condition is, however, sufficient for the incentive compatibility

under the following conditions:

Lemma 1. If (5) holds and y™ (0) is increasing in 6 then (4) holds.



Proof. Let w(6,0) = W (cT(é), ¥ Téé) ) Evaluating (5) at 6, § and subtracting, one gets

-t B ) (2]

w(6,0) —w(6,0).

The inequality follows from the assumption that y;(0) increases in 6 for all t =0,1,..., T and

that V is convex. ]

The agents are assigned Pareto weights p(0) > 0. I define P to be the cumulative
distribution function, and normalize the weights so that P(6) = 1. A natural bench-
mark is to have P = F, in which case the objective function of the social planner is the
expected utility of the agent. More generally, I will assume that P > F, which means
that the planner puts higher weights on lower ability agents.

The social planner in the relaxed Mirrlees problem chooses an allocation (c7,yT)

to maximize

/:w (cT(e), @) p(6) df. ©)

subject to (3) and (5). The efficient allocation is an allocation that attains the maximum

of the Pareto problem.

Conditions for Efficiency

Define the intratemporal wedge T = (1;)I_, as one minus the marginal rate of substi-

tution between consumption and earnings:

VZt(ZT)

o m\E)
K B (c;)0

The intratemporal wedge corresponds to the marginal income tax rate, and I will
occasionally refer to it as such.* Next theorem derives a simple characterization of

the dynamics of the intratemporal wedge for a given agent.

4The implementation problem is standard, and is omitted from the paper.



Theorem 2. The efficient intratemporal wedges in the Mirrlees economy satisfy

7(0)
1-7(0) 1 —i—p]'(e)

6 - 7
L~ @

(7)

T Va2, 2k
where ot = Zkzo Otk and Ptk = {/zkt )

Proof. Fix 6, and denote the efficient allocation for the 6-type agent by c*', z*T. Consider a
perturbation that minimizes the cost of an allocation to the 6-type agent, while keeping both

his utility and his marginal information rent unchanged:

T

min A = ZR (ct —0z) — Y R *(cf —0z])
chzt t=0
subject to
w(eh,2") = w(e,z*) (8)

T *
S ()3 =L ()3 2

Because neither the lifetime utility nor the information rent change, any perturbation will
continue to satisfy the envelope condition (5). Moreover, since the efficient allocation ¢* and
T is feasible and delivers A = 0, any solution to the cost minimization program above can
only save resources and will satisfy the resource constraint (3).
Since ¢*T and z*T is efficient, it must be the solution to the cost minimization problem.
Taking the first-order conditions and rearranging, one obtains

0p'U'(c7)

—1=pu(1 , 10
V., (T) u(1+p1) (10)
where p is the Lagrange multiplier on the constraint (9). The left-hand side is equal to

7i(0)
) )

by the definition of the intratemporal wedge. Taking the ratio of (10) for two

different periods, one obtains (7). |

The most important property of equation (7) is that it holds for any Pareto weights
p. Equation (7) thus provide necessary conditions for a Pareto efficient tax structure.

Since it is expressed in terms of a ratio of the wedges, knowing one intertemporal
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wedge, say 19, together with the underlying structure, is enough to compute the
whole sequence of wedges.

One of the factors in determining the optimal intratemporal wedge in a given
period is how responsive the information rent is to the changes in the labor supply.
If the information rent is relatively responsive, the social planner has to award the
agent with relatively high consumption in order to induce him to increase labor sup-
ply, which is costly. Nonseparability in labor supply brings about interdependencies
between labor supply and information rent across periods. Specifically, the coefficient
pt,;j measures the effect that a change in hours worked in period ¢ has on the infor-
mation rent in period j, and p; measures the effect that a change in hours worked in
period t has on the overall information rent. As we will see later, the coefficients Ot
may be both positive or negative: if they are negative, an increase in hours worked
in period t increases incentives to work in period j, and thus reduces consumption
needed to compensate the agent for higher work effort. The equation (7) shows that
changes in taxes over time depend only on changes in the associated information
rents.

To further simplify the equation (7), I decompose the overall effect p; into three
components: The effect of a change in the tax rate on the contemporaneous infor-
mation rent p;, the effect of a change in hours worked on the incentives to supply
labor in all the previous periods p, = Zj;é pt,j (the anticipation effect), and the effect
of a change in hours worked on the incentives to supply labor in all the future peri-
ods p;” = Z];r:t +1 Pt (the accumulation effect). The anticipation effect is the overall
effect that a given change in future hours worked have on labor supply in previous
periods. As the name suggests, it is nonzero, because the agent anticipates future
changes and adjusts labor supply accordingly. The accumulation effect will typically
work through human capital accumulation: a current change in hours worked will

change incentives to accumulate human capital, which will affect future labor supply.

=% 1+p; +pjj+ef
% l+p tpte

(11)
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Changes in the optimal tax rates over time can thus be characterized in terms of
changes in the own effects, anticipation effects, and accumulation effects.

The level of optimal intratemporal wedges is determined not only by the parame-
ters -y, but also by other factors: Pareto weights, distribution of abilities, or curvature
of the utility function. Those additional factors affect the intratemporal wedges sym-
metrically, and thus do not enter the relative intratemporal wedges in equation (7). If

the utility is linear in consumption then the level of taxes is simply given by

7(0)

P(6) — F(6)
1-— Tt(e)

(12)

In models where V is additively separable, the term p; has a simple expression:

Ptk is zero if k # t, and p;; is the inverse of Frisch elasticity of labor in period ¢,

] -1
T ”em‘l
’ Ly
-7 I+ey

one cannot express the optimal tax formula as easily in terms of the Frisch elasticities.

=

_ dlogz; . .
€Lt = Tlog - Thus, one obtains a simple formula

With nonseparable V

However, one can show, that the matrix p = (p;x) is the inverse of the matrix of the

Frisch elasticities € = (€;x), where €;; = dlogz

= Tlogw;’ Thus, it is in principle possible to

obtain the optimal intratemporal wedges directly as a function of the elasticities, but
the procedure is not very intuitive and practical beyond two period models, since one
has to work with an inverse of the matrix of Frisch elasticities. Moreover, as we shall
see in the example below, the matrix p sometimes takes a very simple and intuitive

form, while the matrix of elasticities € does not.

3 Mirrlees vs Ramsey

The apparent simplicity of the formula (7) bears resemblance to the optimal tax for-
mulas in a Ramsey problem, where the government imposes linear taxes on the com-
modities in the economy. In this section I compare both formulas, and show that they
are, in general, different.

In what follows, I will restrict attention to preferences where the period utility

11



from consumption exhibits a constant relative risk aversion:

with the usual limiting form U(c) = Inc when ¢ = 1. Consider a representative
agent economy” where the government chooses a sequence of linear taxes (t%)T on
labor. It is easy to show that in the current setting the optimal capital taxes will al-
ways be set to zero. Since my main objective is to study the intratemporal wedges,
I will simplify the analysis by setting the capital income taxes to zero from the out-

set. A representative consumer maximizes its lifetime utility (1) subject to a budget

constraint
ZR cf<ZR (1—7%)z. (13)

As in the Mirrlees economy, I will use a primal approach to optimal taxation. Sub-
stituting the first-order conditions from the agent’s problem back to the budget con-

straint (13) to eliminate the taxes yields the following implementability constraint:

Z BU (ct)er = Z V,,zt. (14)

The Ramsey social planner chooses the allocation (c',zT) to maximize the lifetime

utility (1) subject to the implementability constraint (14) and the resource constraint:
T T
Y R <) R 'z (15)
t=0 t=0

Next theorem characterizes the optimal taxes in the Ramsey economy:

5One might be understandably worried that a representative agent economy cannot be meaning-
fully compared to a heterogeneous agent economy in the previous subsection. It is possible to show,
however, that the optimal tax ratio (7) can be also obtained as a limiting value in a two-type Mirrlees
economy, when the two types approach each other and heterogeneity disappears.
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Theorem 3. The efficient intratemporal wedges in a Ramsey economy satisfy

-t o+ p;

= 16
T (16)

Proof. Maximizing (1) subject to (15) and (14) yields the first-order conditions

BU'(cr) = AR™H — pup" [U'(cr) + U" (cr)ei]

V,, =R A —u

7

T
VZthZ]' + VZ[
=0

]

where A and y are the Lagrange multipliers on the resource constraint (15) and on the imple-

mentability constraint (14). Rearranging, one obtains

BU'(ct) _ 1+u(1+pt)
Vo,  1+u(l-o)

Using the definition of 7; and taking the ratio for two different periods, one obtains (16). W

The optimal tax formula in the Ramsey economy (16) needs to be compared with
the optimal tax formula in the Mirrlees economy (7). They are not, in general, iden-
tical, as the coefficient of a relative risk aversion ¢ enters the optimal tax formula
in the Ramsey economy, but not in the Mirrlees economy. Only if ¢ = 1 then both
formulas coincide. The optimal tax rates may differ in their levels, but will exhibit
identical changes over time. If ¢ > 1 then the Ramsey planner will produce a less
steep intertemporal profile of taxes than the Mirrlees planner (regardless of whether
the taxes are increasing or decreasing). If ¢ < 1 then the Ramsey planner will produce

a steeper profile of marginal income taxes.

3.1 A dual problem in two periods

The disadvantage of the primal approach is that formulas (7) and (16) are not very
intuitive, and it is not very clear what makes the Ramsey formula different from the

Mirrlees formula. To understand the difference between them, I will turn to the dual
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problem, where the taxes are determined directly by the planner, rather than being
inferred indirectly from the optimal allocations. The dual problem can be formulated
in terms of the compensated and uncompensated elasticities of labor, and provides
additional insights into the mechanisms that shape the optimal tax structure. The
disadvantage is, that it does not have explicit solutions when there is more than

two periods. For that reasons I will now restrict attention to a two period economy

(T = 1). In what follows, ef/]- = ;lloo—ggzl;j denotes the compensated elasticity of labor
supply, and el?‘]. = ;illgggzl;' denotes the uncompensated elasticity of labor supply.
’ )

Consider first a Ramsey economy. Modifying the standard textbook treatment
with multiple consumption goods (Atkinson and Stiglitz, 1980, chapter 12) yields the

following optimal tax formula:

Theorem 4. The efficient intratemporal wedges in a 2-period Ramsey economy satisfy

R

q c c

R e — g€ :

0 1,1 0,1
1-15

Proof. Let V*(wp, w1 ) be the indirect utility function of the agent, a function of the after tax
wages wo and w. Similarly, let z}(wp, w;) be the optimal (uncompensated) labor demand.

The Ramsey social planner is constrained by the resource constraint
Towozly (1 — 10)wo, (1 — 1)wr) + R mwnzy ((1 — 10)wo, (1 — 1)w1) = G, (18)
and maximizes the representative agent’s utility
V* (1 = 1)wo, (1 —71)wy)

subject to the government budget constraint (18). Taking the first-order conditions and using

Roy’s lemma (V§ = azp and V' = aR™1z;) yields

dzi B dz¥
0 —R 1T1w1 1

7 t= 1/ 2/
dwt dwt

azy = A |z — Towy

where A is the Lagrange multiplier on the government budget constraint. Using the Slutzky

dz{ _ dzf dz!t dz}

equation, Ton = dor — “am where T 1S the derivative of the uncompensated demand with
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respect to income, one can rewrite the first-order conditions as

c

z4 _ dz§
0z = Towo 7 nwy o, b= 1,2,
t t

where { =1—a/A+ Towo 7 M —|— Rltun ZM is a common constant. Solving for d

symmetry of the Slutzky matrix and the definition of the compensated elasticities yields the

formula in the text. ]

According to the optimal tax formula (17), a higher own compensated elasticity
decreases the optimal labor tax rate relative to the tax rate in the other period. Com-
plementarity between labor supply in the two periods (e], > 0 and €, > 0) may
either increase or decrease relative tax rates, depending on the relative size of the
two cross-elasticities. The formula (17) is also identical for both separable and non-
separable preferences over labor supply, because nonseparability manifests itself only
indirectly, through the compensated elasticities. This has its costs and benefits. On
one hand, one does not need to know the internal structure of the model to use (17).
On the other hand, one cannot infer the contribution of nonseparable preferences for
the optimal intertemporal profile of taxes. Finally, it can be easily shown that (17) is
equivalent to (16).0

Consider now the Mirrlees economy. In what follows, let F;(y) be the equilibrium
distribution of earnings in period t, and f;(y) be the corresponding density. Unlike
the distribution of abilities, the distribution of earnings is neither constant over time,
nor exogenously given. The dual problem yields the following formula for the Pareto

efficient intratemporal wedges:

Theorem 5. The efficient intratemporal wedges in a 2-period Mirrlees economy satisfy

E:;( Yo)yocho — fily)yet,y (19)

(y1)yaes 1 — fo(yo)yoet,

Proof. The proof is, in its substance, similar to the proofs in Saez (2001) and Best and

Kleven (2013), although I will provide a formal variational argument to make the proof more

®The result can be derived from the fact that the compensated elasticities are given by €5, = [(1 +
k)1 +0]D, €f; = —0D, €]y = —xoD and €{; = [(1 + «k)po 4 xc]D for some constants x and D.
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symmetric to the proof of Lemma (4). Consider a government choosing tax functions T;(y) for
t =0,1,and let 7;(y) = T/(y) be the marginal tax rates. One can then write the tax function as
Ti(y) = Ty + foy Tt (y). Write the indirect utility function of a 6 type agent as V*(Ty, T1, 10, 71, 0).

The government’s budget constraint is

G /y To(y)dEy(y) + R /y Ti(y)dFy (y)

=To+R'Ty + /y w(y)[1 — Fo(y))dy + R~ /yn (y)[1 = Ei(y)]dy, (20)

where the second equality uses integration by parts. The planner’s problem is to choose the

constants T; and the functions 7; to maximize

e [ fu (vt [Cuic) v ()| 4w

subject to the resource constraint (20). The functions 6;(y) denotes the agent’s type that
produces earnings y in period t, and P; denotes the distribution of Pareto weights over income
levels.

Consider first a perturbation of the marginal tax rate 1(y) by Jr on a small interval

(Y5, Y5 + Oy,)- The marginal change in the objective function of the planner is

A = 5:dy, /y U (coly)) dGo — A | (1=Fo(y3)) 6:8y, — /y 70(y)7, (y)dy —R ! /y 7 (y)6r, (y)dy} ,

where A is the Lagrange multiplier on the government budget constraint and Jg,(y) is the
implied change in the cdf of earnings in period ¢ at earnings level y. We have J¢ (y) = 0
if y < y; because individual with earnings below y; are not affected by the perturbation,
O, (y) = h(yé)@%ér if y = y; because individuals at y face a compensated change in wages,
and 6z (y) = h(y)%’léf if y > y; because individuals with earnings above y; experience an
income effect. Let y; = y1(y;;) be the second period earnings of an agent that produces y; in
the initial period. We then have o7 (y) = 0if y < y}, 65 (y) = h(yo)e%&(syl if y = y;, and
Or,(y) = h(yg)%éréyl if y > y;. Substituting the expressions in, using fo(y;)dy, = f1(y})dy,
and setting A = 0 yields the following optimality condition:

dys

dwy’

§:f9T%+R_1f9T
0 OdZUQ ovil
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where { =1—-F— A1 fy U’ (co(y)) dGo + fyé foTo%}dy +R™! f% flrl%dy. A similar pertur-

bation to the marginal tax function 7y yields a second condition

_ ran A0 | 1z A
é — flGTOTM +R f19T1ﬁ.

Combining and using the definition of compensated elasticities yields (19). |

The formula (19) has an intuitive explanation: while the compensated elasticity
enters the optimal tax formula because it measures the distortion of one individual,
the overall distortion in the population is the compensated elasticity weighted by the
density of earnings, and by the earnings level. One can think of the effective elasticity
in the Mirrlees model to be the density and earnings weighted individual elasticities.
Lower earnings density or lower income level will make the tax at that income level
less distortive. It is the effective elasticity that determines the tax rates in the Mirrlees
problem.”

Comparing (19) and (17), one obtains one of the key insights into why Mirrlees
formulas and Ramsey formulas differ. In the Mirrlees problem, the effect of com-
pensated elasticities is weighted by the equilibrium densities of earnings, and by the
level of earnings. In contrast, in a Ramsey problem the elasticities are unweighted.
The lack of distributional considerations in a representative agent Ramsey model is
obvious. It is little less straightforward to see why the elasticities in a Ramsey mode
are not weighted by the earnings level: since the tax is linear, both the distortions and
the gains from a change in the tax rate are proportional to the earnings level, and it
cancels out.

By dividing both the nominator and denominator of the formula (19) by foyo,
one can see that the optimal tax formula in the Mirrlees economy is identical to the
optimal tax formula in a Ramsey economy only if if foyo = fiy;. What makes the

Mirrlees problem different from the Ramsey problem is that taxes in different periods

"The formula (19) is again independent of the functional form specification. It can also be shown
that it is identical to its appropriate counterpart in Proposition 1 of Best and Kleven (2013), although
the equivalence is not obvious at first sight. The formula (19) is preferable for the purpose of this
paper, as it clearly shows the dependence on earning densities, and its right-hand side is independent
of the intratemporal wedges.
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affect the distribution of earnings differently. It is worth stressing that the differences
betwen Ramsey and Mirrlees formuals are driven by the intertemporal differences in
the distribution of earnings, not of abilities, which are constant over time. Those two
are obviously related. It is easy to show that fiy;(1 + €ty +€f1) = f(0)6. A change
in 0 represents a permanent change in wages, and so affects the density of earnings
proportionately to the sum of €/, and €/;. One can then rewrite (19) in terms of

elasticities only as

=g  (L+efg+ef)efy— (1+e5p+ep1)ery 1)
% (I+egotegq)ef; — (1+efg+efy)eg,

The Mirrlees formula (21) will then differ from the Ramsey formula (17) in the un-
compensated elasticities of labor supply are changing over time. If, on the other hand,
€1+ €| = €y + €1, then the Mirrlees formula will be identical to the Ramsey for-
mula. Since the formula (19) must be identical to the formula (7), one can infer that
this will happen only if the coefficient of the relative risk aversion ¢ is equal to one.

A direct computation verifies this: if o = 1 then €f, + €7, = €5, + €5, = 0.

4 Learning by Doing

I will now introduce a model with a learning-by-doing type of human capital forma-
tion. I will then show that the model is a special case of the general framework of the
previous section.

Let n; € Ry be the raw hours that the agent works, and /; be the stock of human

capital at the beginning of period t. Current earnings are given by

yr = Qi0ihiny, (22)

where Q; is the rental rate of human capital, and 6 is again agent’s ability. Human

capital next period depends on current human capital and on current raw labor, and
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is given by
hiy1 = G(ht, ny, t), (23)

where the initial value K is given. The human capital production function G : RZ2 —
R, is increasing and concave in both arguments.
The utility function of the agent depends on the sequence of consumption and

raw labor and is given by

T

Y B [U(er) —X(ny)], 0<B<1L (24)

t=0

The function X : Ry — R is increasing and convex. The function U is as defined as

in Section 2.

At first sight, the learning-by-doing model appears to have quite a different struc-
ture than the general model of Section 2. It can, however, be transformed into the
general framework as follows. Let z; = h;n; be the effective labor that the household
supplies. Then the production function has the same form as in equation (2), with
w = Q. In addition, for a given sequence of the efficiency units of labor z' the hu-
man capital is uniquely determined from the human capital production function as

follows. Let Hy(®) = ho, and define H;(z'~1) by

_ z
Ht+1(zt) :G<Ht(zt 1)/W€1)/t>/ t:O/]-/---/T

where z' = (z;)_,. The disutility function V is then simply given by

T 2
V(zl) = E,ﬁtx (W) : (25)
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Differentiating V with respect to z! yields

. Z 1 roo. Zi Z; 8H~(zj_1)
Vzt(ZT) = p'X (Ht(zt_1)> Hi(zt-1) B Z pIX (H-(z;_1)> H].(Zj]—l)z ]azt

j=t+1 j

(26)

(21 -
where aH];Z ) Gz(hy, zt,t) H;(:%f +1 Gn(hy, 2, k) is the derivative of human capital

with respect to the effective labor supply. The partial derivative (26) shows that an
increase in the current effective labor supply has two effects on the overall disutility
of working a sequence zT. First, an increase in current effective labor increases the
disutility of working in the current period. Second, it decreases the disutility of
working in all the future periods.®

How about the second derivatives V;,,, and the corresponding coefficients p? It
is relatively easy to show that p;; is strictly positive whenever G is strictly concave.
Higher z; not only increases the marginal disutility of working in the current period
t, but an increase in z; also weakens the beneficial effect on the future disutility of
working. On the other hand, p; y when k # t may be positive or negative. An increase
in z; decreases the marginal disutility of working in period ¢ > k because the agent
accumulates more human capital, but there are also indirect effects going through the
second term in (26) which may go either way. If, however, the direct effect dominates,

then p; ; will be negative whenever k # t.

4.1 An Example Solved

I will now provide a closed form solution to a special case when the function X

exhibits a constant Frisch elasticity of raw labor,

n1+s

X(n) = by, 27)

8The first effect has to dominate for the effective labor supply to stay finite.
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and the human capital production function takes the form

G(ht, Tlt) = At(hti’lt)a. (28)

For simplicity, I will also assume that /1y = 1, although nothing depends on this.
When the production function takes the form given by (28), the law of motion for
the human capital, as a function of the effective labor z, takes a particularly simple
form: hy1 = Aszf. That is, next period human capital is only a function of a current
effective labor supply (although it is a function of the whole history of the “raw”

labor supply 7). As a result, one can write the disutility function V as

21 1+e
. Z(1)+8 T—1 " <_At;;?>
VE) =t L )
t=0

The function V is clearly nonseparable in z”, unless « = 0 and there is no human
capital formation. Because the production function (28) exhibits increasing returns,
special attention needs to be paid to conditions under which V is convex. Next lemma

shows that V is convex if the production function is sufficiently concave:
Lemma 6. The function V (z') is strictly convex in z" if & < %

Proof. See Appendix A. [ ]

The coefficients (p; ) can be calculated directly. They can be expressed as a func-

tion of the growth rate of the disutility of raw labor supply a; = (1;,1/n:)1 ¢

a(l+e)
= tzl,...,T
Ptt—1 1— apay

Cetapl+a(l+e)a

= t=0,...,T
put 1 — apPa;
aB(1+¢)ay
=————"— t=0,...,T-1.
Ot,t4+1 1— apa;

The coefficient p;  is strictly positive, as expected. The anticipation effect p;;_1, which
measures the impact of time ¢ tax rate on labor supply in period t — 1 is, on the other

hand, strictly negative: an increase in the effective labor supply in period ¢ makes
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the agent more willing to work in period t — 1, because the gain from accumulating
human capital is larger. Likewise, the accumulation effect p; ;.1 measuring the impact
on the effective labor supply in period t + 1 is strictly negative, because an increase
in effective labor in period t makes the agent more productive in period t + 1, and
makes him more willing to work. An increase in the effective labor supply in period
t thus increases the information rent in period t, decreases the information rent in
adjacent periods, and leaves the information rent unchanged in all other periods.
Summing the rows of the matrix p,” one obtains the overall effect on the informa-

tion rents:

po=¢+a(l+e)x
or=e—a(l+e) t=12,...,T,

where k¥ = 1f§%°ao > (. That is, the overall effect on the information rent is constant

from period 1 onwards, and it is thus optimal to set the marginal tax rates constant.
This does not mean, however, that the effects on the information rent are constant over
time. The own effect p;; is increasing in a;: higher growth rate in raw labor supply
ni41/n; means that future labor supply is relatively more important. As a result,
people respond less to the current tax rates, and p;; increases. On the other hand,
both the anticipation effects p; ;1 and the accumulation effects p; ;.1 are negative and
decreasing in a;. An increase in the current labor supply will have a stronger effect
on both next period labor supply (because next period labor supply is relatively
large), and on previous period labor supply (increases gain from working in the
previous period). Whenever the agents experience a higher growth rate in the raw
labor supply (for example, at the beginning of one’s life-cycle), the direct effect on the
current information rent will be higher, but the negative effects on the information
rent in adjacent periods will also be higher, but the changes in magnitudes are exactly
compensating each other to produce a constant tax rates. The only exception is period
0: the incentive effect on the previous effective labor supply is missing, and the tax

is going to be higher than in future periods. Note also that if a; < 1, then the

9In this case, ot = pt;_1 + ptt + 01441, With appropriate modifications for t = 0 and t = T.
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Figure 1: Optimal marginal tax rates for G(h,n) = h*1n*2, ay = 0.25

accumulation effect is bigger than the anticipation effect. This will happen at the
end of one’s life-cycle, when ar = 0. On the other hand, at the beginning of one’s
life-cycle, when the growth rate of labor is big, one would expect the accumulation
effect to be dominated by the incentive effect.

Note also that higher a decreases 7; for t = 1,...,T, but increases 79. Higher «
thus implies a larger drop in the marginal tax rates after the initial period. While one
cannot say anything definitive about the level of taxes based on those considerations,
it is reasonable to conjecture, that higher a will also imply lower tax rates in periods
t =1,...,T, and higher tax rates in the initial period. In particular, one can conjecture
that, when compared to an economy with no human capital (x = 0), the marginal
taxes will be lower except for the initial period, when they will be higher. It follows
from equation (??), that this will be true whenever the utility is linear in consumption.

The result of constant marginal tax rates is clearly an implication of the production

function (28). What happens if one generalizes the production function to G(h,n) =
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h*1n*2? Rewriting the law of motion for human capital in terms of the effective labor
supply one obtains h;, 1 = k'~ “?z;2. Figure 4.1 shows the optimal marginal tax rates
for ap = 0.25, and for ay = 0.40, a; = 0.25, and for oy = 0. If a; > ap, which happens
in the first case, then the current human capital has a persistent effect on the next
period human capital.!’. One would then expect that the missing incentive effect on
the time zero human capital will persist too, with taxes declining gradually, rather
than immediately after the initial period. This is indeed the case, as seen in Figure
4.1. If, on the other hand, a; > a5 then, conditionally, on z, current human capital has
a negative effect on the next period human capital. The optimal tax rates will then
exhibit nonmonotonicities, with the optimal marginal tax rates increasing in some

periods and decreasing in other periods.

5 Learning by Doing versus Learning or Doing

We will now compare the implications of the learning-by-doing model with the im-
plications of a Ben-Porath model, where human capital and labor are two competing
uses of time (Kapicka (2014)). The Ben-Porath economy has the following structure.
The utility function is the same as in the learning-by-doing model, i.e. it is given by
equation (24). The hours worked n; are now, however, divided between time spent

producing output /; and time spent accumulating human capital s;:
ny = Iy + sq.

The output produced is then
yr = Ohyly,

which is the same technology as in (22), but with only /; being the time spent pro-
ducing output.

The human capital production function depends now on time spent by investing

19The effect is not permanent as long as a1 —ap < 1
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in human capital. It is given by
hit1 = G(hy,st,t), (30)

where hy is given, and s; € R, is investment in human capital in period f. The
function G : RZ — R is increasing and concave in both arguments. Schooling time
required to have next period human capital ;1 when current human capital is h;
is obtained by inverting the production function and will be denoted by S(h, h+1).
Properties of G imply that S is decreasing in its first argument, increasing in its second
argument, and differentiable. Agent’s human capital is publicly unobservable. The
only exception is the initial human capital kg, which is identical for all agents and is

publicly observable.!!

To map the Ben-Porath model to the theoretical framework of section 2, define the

effective labor supply again by z; = hn;. The function V(z7) is then given by

T
Zt
V(zl) = max B'X (—,S(ht,ht+1)) , (31)
Ui} L

where the dependence on the initial human capital kg is kept implicit. Properties of
X imply that V is increasing in all arguments and twice differentiable. Convexity,
however, is not guaranteed, and must be checked on a case-by-case basis.

Let (Ht(zT))tT:O be the human capital sequence that attains the minimum of (31).

By the envelope theorem, we get

Zt T T 1
Ve, = B' Xt | .S (H H —.
Zt 13 n,t (Ht(ZT),S ( t(Z )I t+1(z ))) Hf(ZT)
The maximization problem (31) yields a function V' that is, in general, not separa-
ble in the effective labor supply, because human capital decision in any given period
depends on all past and future values of labor supply. In particular, the optimal

choice of human capital can be characterized by the following Euler equation that

HUnlike the learning-by-doing model, it is possible to have a learning-or-doing model with observ-
able human capital and unobservable hours worked. Such a model has been studied in Bohacek and
Kapicka (2008).
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equates marginal costs of investing in human capital to marginal benefits of doing

SO:

1 z Gh .

X b > ,BXn,thz—H + BXs 41 A~ ifs >0, (32)
Gs,t hi Gs 141

where, to reduce notation, X;; = Xs(i—i,st), Gst = Gs(hy,st), and similarly for X, 4,

and Gy ;. The Euler equation (32) is a second order difference equation that can be

solved given the initial condition %y and a terminal condition hy = G(hr_1,0).

5.1 Parametrization of the Models

I will now calibrate the parameters of both models, and compare the optimal tax
implications. I assume that the utility is linear in consumption, U(c) = c. I assume
that the disutility from working takes the isoelastic form in 27. The human capital

production function is

G(h,z,t) = (1 —6)h+ Ae™hz®
in the learning-by-doing model, and

G(h,s,t) = (1 —6)h + Ae ¥ hs”

in the learning-or-doing model. In both specifications the parameter ¢ is the rate
of depreciation of human capital, A measures the initial efficiency of human capi-
tal investments, and d measures the rate at which the efficiency of human capital
investments declines over time.

Since the efficiency condition (7) does not depend directly on the distribution
of abilities and I will focus on the intertemporal profile of the optimal taxes, I will
simplify the exercise as follows. I will choose the parameters of the utility function
and of the human capital production functions in a representative agent economy
with no heterogeneity. In choosing the parameters I closely follow Wallenius (2011).

I will then solve for the optimal intertemporal profile of taxes for an arbitrary value
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of 7 E by using equation (12).
In both models I solve for a partial equilibrium where the agents maximize the
utility function (24) subject to the production function for human capital, output

production function, and the budget constraint

R fey = R H1 — 1)y, + tr (33)
)y

taking R as given, where T; is the marginal tax rate and tr are government transfers
that clear the government budget constraint.

Wallenius (2011) shows that, perhaps surprisingly, different values of p and é have
very little effect on the ability of the models to fit the data. I thus set & = 0.25, which
is consistent with the magnitude of what Best and Kleven (2013) call the behavioral
career effect in a two period model. I also set § = 0.03, and assume that the marginal
tax rate T = 0.4.

For both models I will then choose A, d, b, € and B to minimize the sum of squares
of the difference between hours and wages in the model and hours and wages in the
data. I take the data on hours worked and wages directly from Wallenius (2011), who
constructs the average life-cycle profiles of hours worked and wages using CPS data
for the years 1976-2006 for ages 20-62.> In the learning-by-doing model hours and
wages that correspond to measured hours and wages are simply n; and h;. In the
learning-or-doing model, however, the notion of measured hours and wages is less
straightforward. I assume that both /; and s; are included in the measured hours
worked, and that measured wages are equal to the average compensation, i.e. total
compensation h;l; divided by total hours worked n;.

Table 1 shows the resulting parameters for both models. Most of the parameter
values are relatively similar, but there are slight differences. The parameter €, which
determines the intertemporal elasticity of substitution of labor is somewhat higher in
the learning-or-doing model, and the efficiency of human capital investments declines
faster in the learning-by-doing model. Figure 5.1 shows the model fit by plotting the

resulting life-cycle profiles in hours and wages, and comparing them to the data.

12Gee Wallenius (2011) for details.
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Table 1: Model Parameters

Parameter Learning by Doing Learning or Doing

o 0.2500 0.2500
5 0.0300 0.0300
T 0.4000 0.4000
B 0.9605 0.9647
e 1.2022 1.4465
d 0.0389 0.0136
A 0.1161 0.1109
b 3.9977 2.9280

Both models are able to replicate well the hump shaped profiles observed in the data,

although the fit is less satisfactory at the beginning of the life-cycle for hours worked,

and at the end of life-cycle for wages.

Hours Worked Wages
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Figure 2: Hours worked and wages: data vs. models

Although both model are similar in terms of matching the data, they predict very

different responses to changes in the tax rates. Consider a temporary increase in

taxes. In both modes the current time spent producing output (n; in the learning-
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Figure 3: A temporary (age 20-29) marginal tax increase: response of hours worked

by-doing model and /; in the learning-or-doing model) goes down. This leads to a
decrease in the stock of human capital in the learning-by-doing model, and a decrease
in future hours worked. In the learning-or-doing model, however, lower [; leads to
an increase in the time spent accumulating human capital s;, and increases future
stock of human capital. As a result, future hours worked go up, in contrast to the
learning-by-doing model. This is illustrated in Figure 5.1, where the marginal tax
rate temporarily increases from 40% to 50% in the first 10 periods (age 20-29). For
the remaining ages 30-62, the tax rates stays at 40%, as in the calibration. The figure
shows that a temporary tax increase leads to a permanent decrease in hours worked
in the learning-by-doing model, but a permanent increase in hours worked in the

learning-or-doing model.'?

13Gimilarly, a permanent future increase in the marginal tax rate increases current hours worked in
the learning-or-doing model, but decreases them in the learning-by-doing model.
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Figure 4: Optimal marginal tax rates

5.2 Pareto Efficient Tax Reform

Despite the fact that both models show a very different response to any given change
in the tax rates, I will now show, that the optimal tax reform looks quite similar in
both environments. In Figure 5.2 I show the optimal marginal tax rates for GQ—}F = 0.5.
In both models, the optimal marginal tax rates are decreasing over the life-cycle. The
decrease is somewhat stronger in the learning-or-doing model, but in both cases the
decrease is significant: In the learning by doing model taxes decline by about 12%,
while in the learning-or-doing model they decline by about 8%.

Given that both models react very differently to a given change in taxes, it seems
puzzling that they prescribe a similar intertemporal profile of the marginal tax rates.
To understand this result, Figure 5.2 inspects the parameters p that determine the op-
timal marginal tax rates, and decomposes them into the own effects, the anticipation
effects, and the accumulation effects. The figure shows that, while the overall effect

p: is similar in both models, its components behave very differently. Consider first
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the own effect p;;. In the learning-by-doing the own effect is decreasing with age,
but in the learning-or-doing model the own effect is increasing. It is helpful to think
of the own effect as an inverse of the own-Frisch elasticity of labor supply. In the
learning-by-doing model the own-Frisch elasticity is relatively low at the beginning
of the life-cycle, because labor supply has benefits that extend beyond the current
period. At the end of the life-cycle, the own-Frisch elasticity increases. Hence p; is
decreasing with age. On the other hand, in the learning-or-doing model the own-
Frisch elasticity is relatively large at the beginning of the life-cycle when time spent
producing output is only a small fraction of the overall time spent working. At the
end of the life-cycle, time spent by accumulating human capital goes to zero, and the
own-Frisch elasticity decreases. As a result, p;; is increasing with age.

The anticipation effect and the accumulation effect also behave very differently in
both models, both in terms of their signs, and in terms of their changes over the life-
cycle. In the learning-by-doing model, the accumulation effect is strongly negative:
An increase in the current labor supply increases the incentive so supply labor in
the future, as the discussion of Figure 5.1 has shown. This implies that p,” < 0.
Similarly, an increase in future labor increases incentives to supply labor today, and
so p; < 0. The magnitude of those effects depends on how many periods there is in
the future and in the past, and so the accumulation effect p,” increases with age, and
the anticipation effect o, decreases with age. Consider now the learning-or-doing
model. An increase in the effective labor supply at age t has an ambiguous effect
on the incentives to supply labor in the future. On one hand, it decreases schooling
at age t, which decrease future incentives. On the other hand, it increases human
capital investment in previous periods, which increases incentives to supply labor in
the future. At early ages the first effect dominates, and so p, is positive, while at
later ages the second effect dominates, making p,” negative. Likewise, an increase
in the effective labor supply at age t has an ambiguous effect on the incentives to
supply labor in the past, because it increases human capital investments (decreasing
incentives to supply labor), but the stock of human capital raises too, which in turn

increases the incentives to supply labor. At early ages the first effect dominates, and
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Figure 5: Own effects, anticipation effects, and accumulation effects

so p; is positive, while at later ages the second effect dominates and so p; is negative.
Overall, the sum of p;” and p;" is first positive, decreases with age, and ends up being
negative at the end of the life-cycle.

The anticipation and accumulation effects taken together are thus increasing in
the learning-by-doing model, and decreasing in the learning-or-doing model. In both
cases their intertemporal profile is the opposite of the intertemporal profile of the
own effect. The own effect, however, dominates in the learning-by-doing model,
while the opposite is true in the learning-or-doing model. As a result, the total effect
decreases with age in both models, and they deliver similar predictions about the

optimal policies.
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Figure 6: Learning-by-doing, alternative assumptions

5.2.1 Alternative assumptions

Figure 5.2.1 investigates the implications of alternative parameter values for the op-
timal marginal tax rates in the learning-by-doing model. Specifically, it shows the
optimal marginal tax rates when « is 0.5 rather than 0.25, and when J = 0.06 rather
than 0.03. In both cases, the marginal income tax rates are decreasing at a higher rate
than in he benchmark. In the first case they decrease from 61% to 25%, while in the
second case they decrease from 62% to 37%. The results reaffirm previous findings,
and indicate that the conservative benchmark parametrization is a lower bound on

the possible decline in the marginal tax rates.
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6 Conclusions

This main goal of this paper is to provide a unifying framework for studying Pareto
efficient income taxation with endogenous, unobservable, human capital formation.
I use the framework to show that Mirrlees optimal taxation delivers results that are
qualitatively different from what Ramsey taxation predicts.

The advantage of having a unifying framework is that it is easy to compare dif-
ferent models, and their normative implications. I do so for the learning-by-doing
model, and the learning-or-doing model The surprising finding is that both mod-
els have roughly similar predictions about the intertemporal profile of the optimal
marginal tax rates: the tax rates should be decreasing over the life-cycle. The result
is surprising, because both models use very different mechanisms of human capi-
tal formation, and exhibit very different reactions to changes in tax policies. I show
that, although the result is similar in the end, there are different forces in play, and
only when they are taken together a similar patter emerges. The results have been
obtained by using numerical simulations, and the results appear to be robust to al-
ternative specifications.

In future work I plan to extend the results to environments with stochastic shocks
to investigate how the optimal tax formulas will be modified when the disutility of

work is nonseparable.

Appendix: Proofs

Before Proving Lemma 6, the following preliminary result is needed:

Lemma 7. Suppose that A is a real symmetric tridiagonal matrix of the form

ap bl 0O ... 0
bl ar b2 ... 0
A= 0 bz as ... 0
0 0 O ar

34



Then the matrix A is positive definite if ag > 0 and aia;q > b? forallt =0,1,...,T — 1.

Proof. The matrix A is positive definite if all its leading principal minors are positive. The

leading principal minors satisfy a well known recurrence relation
2
my =agmy_1 —bimy_p, t=0,...,T,

with m_, = 0 and m_; = 1. Both mg and m; are strictly positive given the assumptions. Now

write f; = m*:i’] and rewrite the recurrence relation as
b2
t
f t ar — s t = 0/ s T/
fi1

with f_; = oo. Both fy and f; are strictly positive given the assumptions. Suppose now that

2
fit—2 and f;_q are both positive. Then f;_1 = a;_1 — % < ay_1, implying that f; is positive if

Thu, f; is positive. Since a;_; is positive, m; is positive as well. |

Proof of Lemma 6. The function V(z7) is strictly convex in zT if all the principal minors
M; of its Hessian (sz,Zk) are positive. The Hessian is a symmetric tridiagonal matrix with its

nonzero elements given by

t
Vi = b5 levi+ a1+ a1+ )i
t

;Bt
Varze, = — 7 a(1+e)xy,

1+e
where x; = (At?i) fort =0,1,...,T 41, where it is assumed thatz_ |1 =1 and z7;1 =0
(implying x711 = 0). It is easy to show that the principal minors (M;)[_, can be written as
M; = (ITi_o 2 2) my, with (m;)L, are the principal minors of the following matrix h that is

given by

hie = Blexy + B la(1+a(1+¢))xr

i = —Ba(l+e)x,
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and zero everywhere else. The matrix & is therefore real, symmetric, tridiagonal, and has

hoo > 0. It follows from Lemma 7 that / is positive definite if
exi + 0B(L+ (1 +€))x141] [exrsn + aB(1+ (1 +€))xrs2) > fod(1 + )y,

which holds if e — a(1+¢) > 0. [
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