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Abstract

Exponential models of autoregressive conditional heteroscedasticity (ARCH)
are attractive in empirical analysis because they guarantee the non-negativity
of volatility, and because they enable richer autoregressive dynamics. How-
ever, the currently available models exhibit stability only for a limited number
of conditional densities, and the available estimation and inference methods
in the case where the conditional density is unknown are valid only under
very restrictive assumptions. Here, we provide results and simple methods
that readily enables consistent estimation and inference of univariate and
multivariate power log-GARCH(P,Q) models with time-varying correlations
under very general and non-restrictive assumptions, via vector ARMA(P,Q)
representations. Augmented by explanatory or exogenous regressors in the
volatility specification(s), our empirical applications show that the models
are particularly suited for complex modelling problems where many series
and/or variables are involved.
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1 Introduction

The Autoregressive Conditional Heteroscedasticity (ARCH) class of models due to
Engle (1982) is widely used to model the clustering of large (in absolute value)
financial returns. Within this class of models, exponential ARCH models are of
special interest because their fitted values of volatility are guaranteed to be non-
negative (this is not the case for ordinary ARCH models), and because they enable
richer autoregressive volatility dynamics. As an extreme case, in exponential ARCH
models the volatility remains positive even when all parameters are negative.

In contrast to ordinary ARCH models, however, stability conditions and the ex-
istence of unconditional moments depend to a greater extent on the conditional den-
sity in exponential ARCH models. For example, the best known exponential ARCH
model, Nelson’s (1991) EGARCH, is generally not stable for t-distributed errors, see
Nelson (1991, p. 365). This is a serious shortcoming since the t-distribution is the
preferred choice by practitioners among the densities that are more fat-tailed than
the normal.1 Furthermore, in contrast to ordinary ARCH models, fewer theoretical
results exist that enable consistent estimation and valid asymptotic inference when
the conditional density is unspecified. Straumann and Mikosch (2006, p. 2452)
proves consistency of the Quasi Maximum Likelihood (QML) estimator for Nelson’s
(1991) univariate EGARCH(1,1). However, the result of Straumann and Mikosch is
limited in that it does not apply to higher order EGARCH models, nor to models
where the power differs from 2, nor to multivariate versions. Also, their result does
not enable ordinary inference strategies: “At the moment we cannot provide a proof
of the asymptotic normality of the QMLE in the general EGARCH model..” (same
place, p. 2490). Zaffaroni (2009) proves consistency and asymptotic normality of the
Whittle estimator for Nelson’s (1991) univariate EGARCH(P,Q) model of general
orders P and Q. But a number of restrictive assumptions must be satisfied for the
result to be applicable, including that the conditional density depends on a single
parameter only (this is implied by assumption E; see the discussion on pp. 193-
194). This effectively rules out skewed distributions like the (standardised) skewed
t and the (standardised) skewed Generalised Error Distribution (GED), which de-
pend on two parameters, one for shape and one for skewness. Again, this is a severe
limitation in practice because the standardised errors of financial returns are often
found to be skewed. Also, a set of identifying assumptions (see p. 194) are needed
which effectively requires that a conditional density is specified. Dahl and Iglesias
(2008) prove consistency and asymptotic normality of QML for a univariate expo-
nential GARCH(1,1) structure that nests the 2nd. power log-GARCH(1,1) with
(non-logarithmic) asymmetry, but not the EGARCH of Nelson (1991). Again, their
result is limited in the same way as Mikosch and Straumann’s in that it does not
apply to higher order models, nor to models where the power differs from 2, nor to

1Indeed, the shortcoming has prompted specific work on exponential ARCH models with t-
distributed conditional densities, see Harvey and Chakravarty (2010).
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multivariate versions. Also, many stability properties of their model is unknown.
Kristensen and Rahbek (2009) proves that the QML is consistent for a class of
univariate non-linear ARCH models that includes the second power log-ARCH(P )
family. Nevertheless, their result does not apply to powers different from 2, nor
to models that includes log-GARCH terms, nor to multivariate models. Finally,
Kawakatsu (2006) has proposed a multivariate exponential ARCH model, the ma-
trix exponential GARCH, which contains a multivariate version of Nelson’s 1991
model. However, general conditions for the existence of its unconditional moments
are not available, and a general estimation and inference theory for the case where
the conditional density is unknown has yet to be provided.

In this paper we provide a result that enables consistent estimation and ordi-
nary inference methods for a general class of univariate and multivariate exponential
ARCH models that we term the power log-GARCH model, via vector autoregressive
moving average (VARMA) representations. This class of exponential ARCH models
is stable for a much larger class of densities than the EGARCH of Nelson (1991),
including the t-distribution, and the multivariate version admits time-varying corre-
lations. The univariate second power log-GARCH model can be viewed as a dynamic
version of Harvey’s (1976) multiplicative heteroscedasticity model, and the univari-
ate second power log-GARCH model was first proposed by Pantula (1986), Geweke
(1986) and Milhøj (1987). The main motivation was that it ensured non-negative
variances. However, it does so at the cost of possibly applying the log-operator on
zero-values of the squared residuals of the mean specification, which occurs whenever
the residual is equal to zero. If the residuals are rarely equal to zero, then this is not
a serious shortcoming in practice since an adequately small positive number may
replace the zero value.2 Nevertheless, this problem is not present in the EGARCH
model of Nelson (1991), which might explain why so little work has been devoted to
the log-GARCH model compared with the EGARCH model,3 and why its presence
in applied work is limited.

Another strand of literature that is of relevance for log-GARCH models is the
stochastic volatility (SV) literature, since the power log-GARCH can be viewed as
nesting certain classes of SV models. Viewed in this way, it is well-known that
all the coefficients apart from the volatility constant in a univariate second power
log-GARCH specification can be estimated consistently (under suitable assump-
tions) via its autoregressive moving average (ARMA) representation, see for example

2What “adequately small” is depends on the data. Financial prices are discrete in the sense
that they are recorded with a finite number of digits, typically between 0 and 6. Accordingly, if the
positive number is too small then this will induce a negative outlier (when applying the logarithm)
that is likely to affect estimation and inference results. Another practical issue to contend with is
that the discreteness of a price series can be time-varying. With these two considerations in mind,
we use the following simple rule throughout. If {ϵ̂t} denote the residuals of the mean, then the
zero-adjusting value is set equal to the 10% sample quantile of {ϵ̂2t}.

3Examples of theoretical results apply to structures that nest specific cases of the log-GARCH
model, for example some of the results in He et al. (2002), Carrasco and Chen (2002), and Dahl
and Iglesias (2008). But these works do not have the log-GARCH model as their main focus.
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Psaradakis and Tzavalis (1999), and Francq and Zaköıan (2006). However, the esti-
mate of the volatility constant will generally be biased and the bias depends on the
distribution of the standardised error. This is another reason that explains in part
the hitherto unattractiveness of the log-GARCH model in empirical finance, since
ad hoc assumptions and possibly tedious estimation procedures would be needed in
order to obtain a valid estimate of the constant. For example, in the context of an
SV model, Harvey et al. (1994, section 6) propose a method that can be adapted to
the log-GARCH model. Specifically, they propose a way of estimating the bias un-
der the assumption of Student’s t distributed standardised errors. By contrast, the
result we provide enables a consistent estimate of the bias by means of simple formu-
las made up of the residuals from the ARMA regression, without having to specify
the density of any of the errors (only weak moment assumptions are needed). So a
consistent estimate of the variance constant is readily available under very general
assumptions on the errors, for any (fixed) power—integer or non-integer—greater
than zero.4 Our result also holds under very general assumptions when the mean
specification differs from zero, and the generalisation to a flexible multivariate ver-
sion of the power log-GARCH model is straightforward, since consistent estimation
can be undertaken via the vector-ARMA (VARMA) representation.

The rest of the paper is organised as follows. The next section, section 2, presents
the univariate power log-GARCH model. The key theoretical result of this paper,
proposition 1, is contained in subsection 2.2. Section 3 presents the multivariate
power log-GARCH. Section 4 contains two empirical applications that shows that
the model class is particularly suited for complex modelling problems that involves
many variables, including exogenous conditioning information. Section 5 concludes,
whereas the subsequent appendix contains various supporting information. Tables
and figures are located at the end.

2 The univariate power log-GARCH model

2.1 Notation and specification

For each t the univariate δth. power log-GARCH(P,Q) model is given by

rt = µt + ϵt, E(rt|It) = µt, (1)

ϵt = σtzt, zt ∼ IID(0, 1), P rob(zt = 0) = 0, σt > 0, (2)

lnσδt = α0 +
P∑
p=1

αp ln |ϵt−p|δ +
Q∑
q=1

βq lnσ
δ
t−q, δ > 0, (3)

where E(rt|It) is the expectation of rt conditional on the information set It, δ is the
power, P is the ARCH order and Q is the GARCH order. The contemporaneity of

4Our estimation methods assumes the power is fixed and known. However, in practice, grid
search methods can be used to search for the power.
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the time index t of the information set It means it may contain contemporaneous
conditioning information. The mean µt allows for a large range of possible spec-
ifications, linear or non-linear, and may contain both autoregressive (AR) and/or
moving average (MA) terms, and additional regressors. Denoting P ∗ = max{P,Q},
if the roots of the lag polynomial 1−(α1+β1)L−· · ·−(αP ∗+βP ∗)LP

∗
are all greater

than 1 in modulus, then {lnσδt } is covariance stationary. For common densities like
the GED with shape parameter greater than 1, and the Student’s t with degrees
of freedom greater than 2, {ϵt} will in general be covariance stationary, see subsec-
tions 2.3 and 3.1 below. Conditions for the existence of unconditional moments are
explored in section 2.3 below. If we divide through by δ in the log-volatility specifi-
cation, then δ does not matter in the sense that it only appears in the constant. In
particular, the unconditional moments of ϵt depend negatively on δ (everything else
equal), see appendix B.

In order to obtain a feel of how the empirical estimates of log-GARCH mod-
els compare with those of the ordinary GARCH(1,1) of Bollerslev (1986), Table 1
contains the estimates of four models fitted to (demeaned) daily SP500 returns (in
%). The GARCH(1,1) model is estimated by Gaussian QML in the {zt}, whereas
the log-ARCH models are fitted by Gaussian QML in the residuals of the ARMA
representation, see sections 2.2 and 2.4 below. The volatility proxy is an equally
weighted 20-period moving average (EqWMA) of the past squared residuals.5 Both
the parameter estimates and fitted values of the conditional standard deviations (see
figure 2) are very similar. Table 2 contains the autocorrelations of {ϵ2t} for the 1st.
and 2nd. power log-GARCH(1,1) specifications for empirically relevant parameter
values on the ARCH and GARCH parameters. It should be noted that although the
moments and autocovariances depend on the power parameter δ, the autocorrela-
tions of the log-GARCH(1,1) do not, see Appendix B. Moreover, in contrast to the
ordinary GARCH(1,1) model, the autocorrelations of the power log-GARCH(1,1)
models depend on the distribution of zt: The more fat-tailed, the weaker correla-
tions. Also, the power log-GARCH(1,1) is capable of generating stronger autocor-
relations than the GARCH(1,1), although maybe not as persistent—or at least not
for the parameter values in table 2 (this is consistent with the findings of He et al.
(2002)).

2.2 ARMA representations

The error ϵt can be written as σtzt = σ∗
t z

∗
t , where

σ∗
t = σt(E|zt|δ)1/δ, z∗t =

zt
(E|zt|δ)1/δ

, E(|z∗t |δ) = 1. (4)

5In fact, the lagged N period EqWMA of the past squared residuals, EqWMA(N)t−1, is equiv-
alent to the conditional variance of an integrated ARCH(N) model with the variance constant α0

equal to zero, and the ARCH parameters α1 = · · · = αN all equal to 1
N .
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This decomposition is useful because it enables an ARMA representation of the
power log-GARCH specification that is readily estimable by means of common es-
timation methods for any power δ. For example, the δth. power log-ARCH(1)
specification is given by lnσδt = α0 + α1 ln |ϵt−1|δ. Adding lnE|zt|δ + ln |z∗t |δ to each
side and then adding E(ln |zt|δ)−E(ln |zt|δ) to the right-hand side, yields the AR(1)
representation ln |ϵt|δ = α∗

0+α1 ln |ϵt−1|δ+u∗t , where α∗
0 = α0+lnE|zt|δ+E(ln |z∗t |δ),

and where u∗t = ln |z∗t |δ − E(ln |z∗t |δ) is a zero-mean IID process. In other words,
the power log-ARCH(1) model admits an AR(1) representation. For a given power
δ > 0, the parameters α∗

0 and α1 can thus be estimated consistently by means of
ordinary estimation methods subject to usual assumptions. In order to recover α0

we need estimates of lnE|zt|δ and E(ln |z∗t |δ), and the proposition we state below
provides simple formulas for consistent estimation of lnE|zt|δ and E(ln |z∗t |δ) under
very general assumptions. Moreover, in the process we also obtain an estimate of
E(ln |zt|δ), since E(ln |zt|δ) = lnE|zt|δ + E(ln |z∗t |δ).

More generally the power log-GARCH(P,Q) model with P ≥ Q admits the
ARMA(P,Q) representation

ln |ϵt|δ = α∗
0 +

P∑
p=1

α∗
p ln |ϵt−p|δ +

Q∑
q=1

β∗
qu

∗
t−q + u∗t (5)

with probability 1, where

α∗
0 = α0 + (1−

Q∑
q=1

βq) ·
[
lnE|zt|δ + E(ln |z∗t |δ)

]
α∗
1 = α1 + β1

...

α∗
P = αP + βP

β∗
1 = −β1

...

β∗
Q = −βQ,

and where u∗t = ln |z∗t |δ −E(ln |z∗t |δ) = ln |zt|δ −E(ln |zt|δ) as earlier. When P > Q,
then βQ+1 = · · · = βP = 0 implicitly. Also, it should be noted that the equations are
not affected by the (linear) inclusion of other variables in the log-volatility specifi-
cation (3). The consequence of all this is that consistent estimates of all the ARMA
parameters—and hence all the log-GARCH parameters except α0—can readily be
obtained by means of common estimation procedures (least squares, QML in the er-
rors {u∗t}, etc.) subject to usual assumptions,6 as long as the power δ is given, and

6For example, in the case of estimating an AR(P ) representation by means of OLS, the most
important assumptions for the current purposes are that the roots of (1− α1c− · · · − αP c

P ) = 0
are outside the unit circle, that E(u∗2

t ) < ∞ and that E(u∗4
t ) < ∞.
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as long as P ≥ Q. If P < Q, then the ARMA representation may contain common
factors. To see this consider for example a δth. power log-GARCH(0,1) specification
whose ARMA representation is ln |ϵt|δ = α∗

0+β1 ln |ϵt−1|δ−β1u∗t−1+u
∗
t . That is, the

AR parameter is equal to the negative of the MA parameter. It is also worth not-
ing the ease with which some non-stationary specifications can be formulated and
estimated. For example, an integrated power log-GARCH(1,1) with specification
lnσδt = α0 + (1− β1) ln |ϵt−1|δ + β1 lnσ

δ
t−1 can be written as the MA(1) representa-

tion ∆ ln |ϵt|δ = α∗
0+β

∗
1u

∗
t−1+u

∗
t . More generally, if ln |ϵt|δ is I(1), then the estimates

of the stationary AR(P ) representation ∆ ln |ϵt|δ = α∗
0+
∑P

p=1 αp∆ ln |ϵt−p|δ+u∗t can
in many cases be used to obtain estimates of the non-stationary representation, or
at least as a reasonable approximation.

In order to recover α0 we need estimates of lnE(|zt|δ) and E(ln |z∗t |δ), and the fol-
lowing proposition gives very general conditions under which they can be estimated
consistently after estimation of the ARMA-representation (5).

Proposition 1. Suppose the power δ is known and that a consistent estimation
procedure of the ARMA representation (5) of the power log-GARCH specification

(3) exhibits the property û∗t −u∗t
P−→ 0 for each t, where {û∗t} are estimates of {u∗t}.

If 0 < E|zt|δ <∞ and if |E(ln |zt|)| <∞, then

a) − ln

[
1

T

T∑
t=1

exp(û∗t )

]
P−→ E(ln |z∗t |δ), (6)

and

b) −δ
2
ln

[
1

T

T∑
t=1

ẑ∗2t

]
P−→ lnE(|zt|δ), (7)

where {ẑ∗t } = {ϵt/ δ
√
σ̂∗δ
t }, ln σ̂∗δ

t = l̂n |ϵt|δ− ̂E(ln |z∗t |δ), and where l̂n |ϵt|δ is the fitted
value of the ARMA representation (5).

Proof. In proving a), we first show that lnE[exp(u∗t )] = −E(ln |z∗t |δ), then that
1
T

∑T
t=1 exp(û

∗
t )

P−→ E[exp(u∗t )]. Since u∗t = ln |z∗t |δ − E(ln |z∗t |δ) straightforward
algebra yields

lnE[exp(u∗t )] = lnE{exp[ln |z∗t |δ − E(ln |z∗t |δ)]}

= lnE

{
|z∗t |δ

exp[E(ln |z∗t |δ)]

}
= ln

{
E|z∗t |δ

exp[E(ln |z∗t |δ)]

}
= lnE|z∗t |δ − E(ln |z∗t |δ)
= −E(ln |z∗t |δ),
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since E|z∗t |δ = 1 and since |E(ln |z∗t |δ)| < ∞. The latter follows from the assump-
tions 0 < E|zt|δ < ∞ and |E(ln |zt|)| < ∞. Accordingly, (−1) · lnE[exp(u∗t )] =
E(ln |z∗t |δ). We now turn to the proof of 1

T

∑T
t=1 exp(û

∗
t )

P−→ E[exp(u∗t )]. We have

that 1
T

∑T
t=1 exp(u

∗
t )

P−→ E[exp(u∗t )] due to Khinshine’s theorem (see for example
Davidson 1994, theorem 23.5) since {u∗t} is IID, and the properties E|z∗t |δ = 1
and |E(ln |z∗t |δ)| < ∞ ensure that E[exp(u∗t )] exists. Consider 1

T

∑T
t=1 exp(û

∗
t ) −

1
T

∑T
t=1 exp(u

∗
t ), which can be rewritten as 1

T

∑T
t=1[exp(û

∗
t ) − exp(u∗t )]. Since û∗t −

u∗t
P−→ 0 for each t, we have that exp(û∗t ) − exp(u∗t )

P−→ 0 for each t due to the
continuity of the exp(·) function. Accordingly, 1

T

∑T
t=1 exp(û

∗
t ) → 1

T

∑T
t=1 exp(u

∗
t )

as T → ∞, and since 1
T

∑T
t=1 exp(u

∗
t ) → E[exp(u∗t )] as T → ∞ it follows that

1
T

∑T
t=1 exp(û

∗
t )

P−→ E[exp(u∗t )].
We now prove b). Due to the continuity of the exp(·) operator, the assump-

tion of consistent estimation of the ARMA representation ensures that the fitted
values {σ̂∗δ

t } are consistent estimates of their true counterparts. Next, taking the

δth. square root and dividing each ϵt by means of δ
√
σ̂∗δ
t implies that the {ẑ∗t }

are consistent estimates of their true counterparts {z∗t }. Finally, using a simi-

lar argument to the proof of a) yields that 1
T

∑
t=1 ẑ

∗2
t

P−→ 1/E(|zt|δ)2/δ, and so

− δ
2
ln( 1

T

∑T
t=1 ẑ

∗2
t )

P−→ lnE|zt|δ. �

When the power δ is equal to 2, then lnE|zt|δ = 0 and so the second correction
b) is not needed. The a) can thus be viewed as a correction due to the application
of the logarithm operator, and b) can be viewed as a “power correction”. In the
process we obtain estimates of E(ln |zt|δ) and E|zt|δ, which are sometimes useful in
empirical applications.7 Another feature of practical interest is that the corrections
constitute a standardisation of the errors. In other words, the sample variance of the

{ẑt} will always be equal to or close to 1. The property û∗t −u∗t
P−→ 0 is essentially a

consequence of consistent estimation of the ARMA representation (5). For the two
most common powers, δ = 1 and δ = 2, the proposition holds under very general
assumptions. Specifically, the conditions 0 < E|zt|δ < ∞ and |E(ln |zt|)| < ∞ are
satisfied for the most commonly used densities in finance: The Normal, the GED
and the Student’s t for appropriate number of degrees of freedom. It should also be
noted that the proposition is likely to hold in many cases if the {ϵt} are estimated

in a previous step, as long as the estimation procedure exhibits ϵ̂t− ϵt
P−→ 0 for each

t. In words, in sufficiently large samples the estimated residuals are distributed as
the true errors, and so are the {ln |ϵ̂t|δ} due to continuity.

7The estimate of E|zt|δ is obtained by first noting that E(ln |z∗t |δ) = E(ln |zt|δ) − lnE(|zt|δ),
and then by setting E(|zt|δ) = exp[E(ln |zt|δ)−E(ln |z∗t |δ)] replacing the population values by the
corresponding estimates.
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2.3 On stability

A serious shortcoming in Nelson’s (1991) EGARCH model is that its unconditional
variance (and other, higher order integer moments) may not exist for many com-

mon distributions of the standardised errors zt. For example, if zt
IID∼ tν in an

EGARCH(1,1) with log-volatility specification equal to

lnσ2
t = α0 + α1[|zt−1| − E|zt−1|] + θzt−1 + β1 lnσ

2
t−1,

and if the degrees of freedom ν > 2, then the theoretically and empirically un-
reasonable assumption α1 < 0 is a necessary condition for the existence of the
unconditional variance, see condition (A1.6) and the subsequent discussion in Nel-
son (1991, p. 365). Moreover, if θ ̸= 0, then α1 has to be even more negative for
the unconditional variance to exist. These are the shortcomings that prompted the
work by Harvey and Chakravarty (2010) on the Beta-t-EGARCH model.

In the δth. power log-GARCH(1,1) with tν distributed standardised errors, the
unconditional variance will generally exist for ν > 2, regardless of the signs of the
parameters α1 and β1. The following proposition is a special case of proposition 4
in section 3, and provides a set of exact sufficient conditions.

Proposition 2. Consider a univariate δth. power log-GARCH(1,1) specification

with either zt
IID∼ GED(τ), τ > 1 or zt

IID∼ t(ν), ν > 2. If |α1 + β1| < 1 and if
2α1(α1 + β1)

i−1 ∈ (−1, 2] for each i = 1, 2, . . ., then E(ϵ2t ) < ∞ and is given by
equation (20) (see appendix) with s = 2.

Proof. From equation (20) in the appendix with s = 2, it follows that

E
(
|zt−i|2α1(α1+β1)i−1

)
must be finite for each i = 1, 2, . . . for the expression E(ϵ2t )

to exist. For zt ∼ GED(τ), τ > 1, then E(|zt|c) < ∞ for c > −1, see Appendix
A. For zt ∼ t(ν), ν > 2, then E(|zt|c) < ∞ for −1 < c < ν, see Appendix A. So if

|α1+β1| < 1 and 2α1(α1+β1)
i−1 ∈ (−1, 2] for all i, then E

(
|zt−i|2α1(α1+β1)i−1

)
<∞

for each i = 1, 2, . . . Finally, due to proposition 4, the infinite product converges and
so E(ϵ2t ) <∞. �

In practice, the restrictions of proposition 2 are very weak and will generally be
satisfied, since the typical estimates of α1 and β1 are about 0.05 and 0.90, respectively
(see the empirical section). In particular, if |α1 + β1| < 1 and if both α1 and β1
are equal to or greater than zero, then 2α1(α1 + β1)

i−1 takes values in [0, 2] for
all i = 1, 2, . . . Finally, a set of stability conditions for more general univariate δth.
power log-GARCH specifications is provided in the following corollary, which follows
from proposition 4 in section 3.

Corollary 1. Consider a univariate δth. power log-GARCH(P,Q) model with P ≥
Q. Suppose the roots of 1 − (α1 + β1)c − · · · − (αP + βP )c

P are all greater than
1 in modulus, such that lnσδt admits the representation α0/[1 − (α1 + β1) − · · · −
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(αP + βP )] +
∑∞

i=1 ψi ln |zt−i|δ, where
∑∞

i=1 |ψi| < ∞. Then the sth. unconditional
moment E(ϵst), s ∈ {1, 2, . . .}, exists if |E(zst )| < ∞ and if E|zt−i|sψi < ∞ for each
i = 1, 2, . . .

Proof. Set M = 1 in proposition 4 in section 4. �

The conditions of proposition 1 provides a set of relatively mild restrictions for
the sth. unconditional moment to exist. For example, for E(ϵst) to exist when
zt ∼ t(ν), ν > 2, we need that s < ν and −1 < sψi < ν for each i = 1, 2, . . . For
zt ∼ GED(τ), τ > 1, E(ϵst) will exist as long as sψi > −1 for each i = 1, 2, . . .

2.4 On estimation efficiency

It is well known that GARCH models may be consistently estimated via ARMA
representations. However, it is also well-known that such estimation methods do not
have very good properties, see Francq and Zakoian (2010). By contrast, estimation of
power log-GARCH models via ARMA representations has much better properties
for several reasons. First, the error term in GARCH regressions is conditionally
heteroscedastic. By contrast, the error term in the ARMA representation of the
power log-GARCH regressions is IID. Second, the distribution of the error term in
the ARCH regression has an exponential-like shape, and takes on values in [−1,∞).
The error u∗t in the ARMA representation, by contrast, is much closer to symmetry
(in comparison), with the left-tail usually being “longer”. Moreover, the error takes
on values in (−∞,∞). This means QML-type estimators and test-statistics in the
power log-GARCH case are likely to correspond much closer to their asymptotic
approximations in finite samples than in the GARCH case, since the convergence
to their asymptotic counterparts will be much faster. Also, coefficient tests will
exhibit greater power under the alternative, since the error is “smaller” due to the
log-transformation. Finally, power log-GARCH regressions impose much weaker
restrictions on the parameter space due to the exponential variance specification.
In ARCH regressions, by contrast, strong parameter restrictions might be needed in
order to ensure positive variance. For these reasons estimation of power log-GARCH
models via ARMA representations is likely to work much better than for ordinary
ARCH models.

Tables 3 and 4 contain simulations that shed light on the finite sample accuracy
of QML methods for selected specifications. Table 3 suggests the finite sample biases
associated with QML via the AR representation in the estimation of log-ARCH(1)
processes are acceptable for many purposes, and that estimating the errors {ϵt} in
a previous step does not affect the estimation precision of α0 and α1 substantially
in the second step. Or at least not when the persistence in the mean specification is
small. In table 4 the simulations suggest QML in {u∗t} via the ARMA representation
compares well with QML in {zt} in the estimation of a log-ARCH(1) model, when
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the standardised errors are more fat-tailed than the normal.8

2.5 Inference

In many practical finance applications the mean is either equal to zero or ade-
quately treated as if equal to zero. Or, alternatively, the residuals from the mean
specification are treated as if observable. When this is the case, and when the log-
arithmic volatility specification does not contain log-GARCH terms, then inference
regarding the parameters α—apart from the first element α0—can be undertaken
by means of the usual ordinary least squares theory. In order to conduct asymptotic
inference regarding α0, we may proceed by means of a Wald parameter restriction
test. In the case when the power δ = 2 for example, OLS estimation provides us
with the estimate α̂∗

0. Next, we may test α = 0 by testing whether α̂∗
0 is equal

to − ln Ê[exp(û∗t )] = − ln[ 1
T

∑T
t=1 exp(û

∗
t )], since α

∗
0 = E(ln z2t ) under the null of

α0 = 0. The Wald-statistic under the null of α = 0 then becomes

{α̂∗
0 + ln Ê[exp(û∗t )]}2

V̂ ar(α̂∗
0)

asy.∼ χ2(1),

where V̂ ar(α̂∗
0) is the ordinary coefficient variance estimate of α∗

0.
Table 5 contains the simulated finite sample size for two-sided tests of α0 = 0

and α1 = 0 using a nominal size of 5%, and when the power δ = 2. The simu-
lations suggest least squares inference is appropriately sized in finite samples for
α1, since the simulated rejection frequencies range between 4.4% and 5.4% across
density shapes. For the test of α0 = 0, the simulations suggest the Wald test is un-
dersized, since the simulated rejection frequencies are close to 0%. Deviations from
the normal brings the size closer to the nominal, but the discrepancy is nevertheless
still notable although acceptable in many practical applications. The undersizedness
might suggest that the test lacks power under reasonable departures from the null of
α0 = 0. However, additional simulations (not reported) suggest this is not the case.
Even though the Wald test is undersized under the null, the test carries reasonable
power even when the departure from the null is small.

When the logarithmic volatility specification contains log-GARCH terms, then
one might consider using the usual theory for inference regarding the parameters
of the ARMA representation. For the GARCH coefficients this will work fine, but
it is not equally straightforward for the ARCH parameters, since the AR and MA
coefficient estimates will typically be strongly correlated (recall: α∗

p = αp + βp). An
alternative approach is to conduct inference by means of Wald parameter restriction
tests. For example, in log-GARCH(1,1) specifications, one may test whether α1 = 0
by testing its implication, namely that α∗

t = (−1)·β∗
1 , and so on. Another possibility

8Our simulations results depend of course on the exact structure of the numerical algorithms
we use. Surely both QML algorithms can be improved, so further exploration is needed for a more
accurate comparison.
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is to use the property that a {lnσδt } stationary power log-GARCH specification is
(in general) invertible in the ARMA specification. One may then approximate the
log-GARCH part by means of a (possibly long) log-ARCH specification, and next
conduct inference on the lags.

2.6 Extensions

Several extensions of the power log-GARCH model suggest themselves. One is the
multivariate extension that will be explored in the next section. Another exten-
sion, which we do not pursue here, is to specify lnσδt as a Fractionally Integrated
EGARCH process (FIEGARCH) along the lines of Bollerslev and Mikkelsen (1996).
A third type of extension consists simply of adding variables linearly to the lnσδt
specification, that is, a “power log-GARCH-X” model. This can in many cases be
done straightforwardly without compromising the applicability of the simple esti-
mation and inference methods we have outlined above.

One type of variables that can be added linearly are asymmetry-terms, and in
the current context we consider three different types. The first and simplest is of
the indicator type I{zt−1<0}, which are equal to 1 when zt−1 < 0 and 0 otherwise.9 In
practice this type of asymmetry terms can very often be adequately approximated
by Iϵt−1<0, which means the log-GARCH model augmented with such asymmetry
terms can be estimated via an ARMA-X representation. As for stability, the fol-
lowing proposition provides quite general sufficient conditions for the existence of
the unconditional variance when the standardised errors are either distributed as a
student tν or GED(τ).

Proposition 3. Consider the asymmetric δth. power log-GARCH(1,1) specification

lnσδt = α0 + α1 ln |ϵt−1|δ + β1 lnσ
δ
t−1 + (lnλδ)I{zt−1<0}, 0 < λ <∞

with either zt
IID∼ GED(τ), τ > 1 or zt

IID∼ t(ν), ν > 2. If |α1 + β1| < 1 and if
2α1(α1 + β1)

i−1 ∈ (−1, 2] for each i = 1, 2, . . ., then E(ϵ2t ) <∞.

Proof. The assumption |α1 + β1| < 1 means lnδt admits the representation α0/(1−
α1 − β1) +

∑∞
i=1(α1 + β1)

i−1 · [α1 ln |zt−i|δ + (lnλδ)I{zt−i<0}]. This implies that

(σδt )
2/δ = σ2

t = exp[α0δ
−1/(1− α1 − β1)] ·

∏∞
i=1(|zt−i|α1λI{zt−i<0})2(α1+β1)i−1

, and that

E(ϵ2t ) = exp[α0δ
−1/(1−α1−β1)]·

∏∞
i=1 ai, where ai = E[(|zt−i|α1λI{zt−i<0})2(α1+β1)i−1

].

When λ2(α1+β1)i−1 ∈ (0, 1), then λ2(α1+β1)i−1
E[|zt−i|2α1(α1+β1)i−1

] ≤ ai ≤ λ2(α1+β1)i−1

E(|zt−i|2α1(α1+β1)i−1
), and when λ2(α1+β1)i−1

> 1, then E[|zt−i|2α1(α1+β1)i−1
] ≤ ai ≤

λ2(α1+β1)i−1
E(|zt−i|2α1(α1+β1)i−1

). So each ai will exist if |α1+β1| < 1 and if 2α1(α1+

9The original economic justification for asymmetry variables is to capture socalled “leverage”
effects in stock markets, see Nelson (1991). So the impact of the regressor is expected to be
negative. In some markets, however, for example exchange rate markets, the impact may be either
negative or positive depending on which currency is in the denominator of the exchange rate. So
we prefer the more general term asymmetry rather than leverage.
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β1)
i−1 ∈ (−1, 2]. Finally, since both the two upper bounds and the two lower bounds

will tend to 1 as i→ ∞, then ai → 1 and so E(ϵ2t ) <∞ by means of the same type
of reasoning as in the proof of proposition 2. �

Another type of asymmetry-term that can also straightforwardly be included are
asymmetry terms analogous to those of Glosten et al. (1993). In this case the
specification of a δth. power log-GARCH(1,1) takes the form

lnσδt = α0 + α1 ln |ϵt−1|δ + β1 lnσ
δ
t−1 + λ ln |ϵt−1|δI{zt−1<0}.

The exact stability conditions for this specifications are more difficult to derive.
Nevertheless, in the case where α1, β1 ≥ 0 and λ ∈ (−1, 0), then it follows straight-
forwardly from the results above that α1+β1 < 1 is a sufficient condition for stability.
In particular, the 2nd. moment will exist for student’s tν , ν > 2 and GED(τ), τ > 1
distributions. The third type of asymmetry-term that can also straightforwardly be
included are analogous to those of Nelson (1991). In this case the specification of a
δth. power log-GARCH(1,1) takes the form

lnσδt = α0 + α1 ln |ϵt−1|δ + β1 lnσ
δ
t−1 + λϵt−1.

However, the stability conditions for this type of specification has not been studied
(but see Dahl and Iglesias (2008) where {ϵt} is assumed strictly stationary and
ergodic).

A second type of variables of special interest that can be added linearly are
volatility proxies. For example, if V δ

t is a volatility proxy in the δth. power, then
a diagnostic tool of the volatility proxy that naturally suggests itself is a logarith-
mic version of Mincer and Zarnowitz (1969) regressions. In logarithmic versions of
Mincer-Zarnowitz regressions the log-volatility lnσδt is equal to γ0 + γ1 lnV

δ
t , and

the joint test γ0 = 0 and γ1 = 1 is a test of whether V δ
t is an “unbiased” estimate

of σδt . Moreover, adding variables to the Mincer-Zarnowitz specification readily per-
mits encompassing tests of V δ

t . For example, suppose one would like to investigate
whether V δ

t parsimoniously encompasses the other candidate variables (log-ARCH
terms, log-GARCH terms, volume variables, etc.). Then this can simply be done in
terms of a joint hypothesis test framework of a general specification that nest the
variables.

3 A multivariate power log-GARCH model

Financial markets tend to move together, and the extent to which they do so varies
over time. This is the main motivation behind multivariate ARCH models, and the
implications for asset pricing was the original context in which Bollerslev, Engle
and Wooldridge (1988) first proposed a multivariate ARCH model, see Bauwens
et al. (2006) for a survey. For the power log-GARCH class of models, there ex-
ists a straightforward multivariate generalisation of the univariate class that can be

12



estimated by means of common methods via its vector ARMA (VARMA) represen-
tation. This multivariate version is not simply a collection of univariate power log-
GARCH models. Indeed, the model is truly multivariate in that P log-ARCH terms
of each of theM variables enter each of theM equations, and in that Q log-GARCH
terms enter in each of the M equations. In particular, whether the volatility of one
variable Granger-causes another may readily be tested via the VAR-representation.

3.1 Notation and specification

Suppose {ϵt} is a sequence of (M × 1) vectors of mean errors. Then the M -
dimensional power log-GARCH(P,Q) model is given by

ϵt = diag(σt)zt, zt|It ∼ ID(0, Cov(zt|It)), V ar(zt|It) = IM , (8)

∀m : zmt|It ∼ IID(0, 1), (9)

where σt is the (M × 1) vector of conditional standard deviations, diag(σt) is an
(M ×M) diagonal matrix with σt on the diagonal and zeros elsewhere, zt is the
(M × 1) vector of standardised errors, Cov(zt|It) is the variance-covariance matrix
of {zt}, possibly time-varying, and It is the conditioning set in question. ID means
the vector sequence {zt} is independent but not necessarily identical over time,
so as to allow for time-varying contemporaneous correlation between the elements
of zt. The assumption V ar(zt|It) = IM , however, means each diagonal entry of
Cov(zt|It) is constant and equal to 1. Also, for the formulas in proposition 1 to be
applicable (they are needed in order to correct for the bias induced by the estimation
of the VARMA representation) we need to assume that each zmt is IID, hence the
assumption of independence but not necessarily identicalness of {zt}. We do not
impose further restrictions on the off-diagonal entries of Cov(zt|It), which means it
may not be positive definite (we will return to this issue below in subection 3.3).

The M -dimensional log-volatility specification is given by

lnσδt = α0 +
P∑
p=1

αp ln |ϵt−p|δ +
Q∑
q=1

βq lnσ
δ
t−q, P ≥ Q, (10)

where

lnσδt =


lnσδ1,t

...
lnσδm,t

...
lnσδM,t

 , α0 =


α1,0
...

αm,0
...

αM,0

 , αp =


α11.p · · · α1m.p · · · α1M.p
...

. . .
...

...
αm1.p · · · αmm.p · · · αmM.p
...

...
. . .

...
α11.p · · · α1m.p · · · α1M.p

 ,
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ln |ϵt−p|δ =


ln |ϵ1,t−p|δ

...
ln |ϵm,t−p|δ

...
ln |ϵM,t−p|δ

 , βq =


β11.q · · · β1m.q · · · β1M.q
...

. . .
...

...
βm1.q · · · βmm.q · · · βmM.q
...

...
. . .

...
βM1.q · · · βMm.q · · · βMM.q

 .

For example, the specification of a two-dimensional δth. power log-ARCH(1) model
is

lnσδ1,t = α1,0 + α11.1 ln |ϵ1,t−1|δ + α12.1 ln |ϵ2,t−1|δ

lnσδ2,t = α2,0 + α21.1 ln |ϵ1,t−1|δ + α22.1 ln |ϵ2,t−1|δ,

whereas the specification of a two-dimensional δth. power log-GARCH(2,1) is

lnσδ1,t = α1,0 + α11.1 ln |ϵ1,t−1|δ + α12.1 ln |ϵ2,t−1|δ + α11.2 ln |ϵ2,t−2|δ

+α12.2 ln |ϵ2,t−2|δ + β11,1 lnσ
δ
1,t−1 + β12,1 lnσ

δ
2,t−1

lnσδ2,t = α2,0 + α21.1 ln |ϵ1,t−1|δ + α22.1 ln |ϵ2,t−1|δ + α21.2 ln |ϵ2,t−2|δ

+α22.2 ln |ϵ2,t−1|δ + β21,1 lnσ
δ
1,t−1 + β22,1 lnσ

δ
2,t−1,

and so on.
The following proposition provides a general set of non-restrictive sufficient con-

ditions for the existence of the unconditional moments.

Proposition 4. Consider an M -dimensional δth. power log-GARCH(P,Q) model
with P ≥ Q that admits the representation lnσδt = Ψ0 +

∑∞
i=1 Ψi ln |zt−i|δ with

{Ψi} being an absolutely summable sequence of (M ×M) matrices. Then the sth.
unconditional moment E(ϵsm,t) = exp(sδ−1ψm,0) ·

∏∞
i=1E

[
|z1,t−i|sψi,m1 |z2,t−i|sψi,m2 · · ·

|zM,t−i|sψi,mM
]
, s ∈ {1, 2, . . .}, of variable m ∈ {1, . . . ,M} exists if |E(zsm,t)| < ∞

and if E
[
|z1,t−i|sψi,m1 |z2,t−i|sψi,m2 · · · |zM,t−i|sψi,mM

]
<∞ for each i

Proof. By definition, absolute summability of the matrix sequence {Ψi} means∑∞
i=1 |ψi,mn| < ∞ for each m,n ∈ {1, 2, . . . ,M}. Next, a sufficient condition

for an infinite product
∏∞

i=1 ai to converge to a finite, nonzero number is that
the series

∑∞
i=1 |ai − 1| converges (Gradshteyn and Ryzhik (2007, section 0.25)).

Since E
[
|z1,t−i|sψi,m1 |z2,t−i|sψi,m2 · · · |zM,t−i|sψi,mM

]
→ 1 as i → ∞ due to abso-

lute summability, it follows that |ai − 1| → 0 as i → ∞. Accordingly, if ai =
E
[
|z1,t−i|sψi,m1 |z2,t−i|sψi,m2 · · · |zM,t−i|sψi,mM

]
<∞ for each i, and if |E(zsm,t)| <∞, it

follows that E(ϵsmt) exists. �

In practice, the natural condition to check is whether all the eigenvalues of the
(M ×M) matrix

∑P ∗

p=1(αp + βp) are smaller than 1 in modulus. If this is the case,
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then {Ψi} is absolutely summable. Whether the second set of conditions is satisfied
or not, that is, |E(zsm,t)| < ∞ and E

[
|z1,t−i|sψi,m1 |z2,t−i|sψi,m2 · · · |zM,t−i|sψi,mM

]
< ∞

for each i, will depend on the distribution of zt.

3.2 VAR and VARMA representations

The parameters of the power log-GARCH(P,Q) model can be consistently estimated
by means of common methods via its VARMA representation subject to appropriate
assumptions. Specifically, the VAR(P ) representation of an M -dimensional power
log-ARCH(P ) model is given by

ln |ϵt|δ = α∗
0 +

P∑
p=1

αp ln |ϵt−p|δ + u∗t , (11)

where αp is defined as above, and where

ln |ϵt|δ =


ln |ϵ1,t|δ

...
ln |ϵm,t|δ

...
ln |ϵM,t|δ

 , α∗
0 =


α1,0 + lnE|z1,t|δ + E(ln |z∗1,t|δ)

...
αm,0 + lnE|zm,t|δ + E(ln |z∗m,t|δ)

...
αM,0 + lnE|zM,t|δ + E(ln |z∗M,t|δ)



u∗t =


ln |z∗1,t|δ − E(ln |z∗1,t|δ)

...
ln |z∗m,t|δ − E(ln |z∗m,t|δ)

...
ln |z∗M,t|δ − E(ln |z∗M,t|δ)

 .

In other words, {u∗t} is now an independent zero-mean vector process. The VARMA(P,Q)
representation of an M -dimensional power log-GARCH(P,Q) model is given by

ln |ϵt|δ = α∗
0 +

P∑
p=1

α∗
p ln |ϵt−p|δ +

Q∑
q=1

β∗
qu

∗
t−q + u∗t , (12)

where

α∗
p = αp+βp, β∗

q = −βq, α∗
0 = α0+(IM −

Q∑
q=1

diag(βq))[lnE|zt|δ+E(ln |z∗t |δ)],

α0 =


α1,0
...

αm,0
...

αM,0

 , lnE|zt|δ + E(ln |z∗t |δ) =


lnE|z1,t|δ + E(ln |z∗1,t|δ)

...
lnE|zm,t|δ + E(ln |z∗m,t|δ)

...
lnE|zM,t|δ + E(ln |z∗M,t|δ)

 .
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As in the univariate case, if P > Q then βQ+1 = · · · = βP = 0 by assumption, and
the formulas in proposition 1 can be used to estimate lnE|zt|δ and E(ln |z∗t |δ) once
the VARMA representation has been estimated.

In theory, multivariate δth. power log-GARCH models can be consistently esti-
mated by means of common estimation methods (say, least squares or QML) via its
VARMA representation. When there are no log-GARCH terms in the log-volatility
specification, then the corresponding VAR representation is straightforwardly esti-
mated by OLS/QML. When log-GARCH terms are present, however, then it is well
known that the corresponding VARMA representation may not be readily estimated
in practice due to numerical issues. The question of how well the available estimation
algorithms actually work for multivariate log-GARCH models that contain GARCH
terms, we leave for future research.

3.3 Modelling conditional correlations

A key motivation for multivariate GARCH models is that they can be used in the
computation of portfolio variances. However, unless restrictions are imposed on the
off-diagonals of the covariance matrix Ht = Cov(ϵt|It), then one cannot be ensured
that such portfolio variances will be positive. This is why Ht is often required
to be positive definite. In the power log-GARCH model this amounts to positive
definiteness of Cov(zt|It). The conditions (8)-9) are compatible with both constant
and time-varying conditional covariances, Cov(zt|It) being positive definite or not.
So once the estimates of {zt} have been obtained, then adapted versions of several
of the methods surveyed in Bauwens et al. (2006) or the method by Kawakatsu
(2006) can be considered in order to fit appropriate models of the off-diagonals of
Cov(zt|It). In the empirical application below we use the specification suggested by
Engle (2002).

4 Empirical applications

Specifications contained in the 2nd. power log-GARCH-X class have proved partic-
ularly useful in situations that involves many explanatory variables, see for example
Bauwens et al. (2006), Rime and Sucarrat (2007), Bauwens and Sucarrat (2008),
and Sucarrat and Escribano (2010). Here we explore further the usefulness of power
log-GARCH-X models in two empirical applications. The first considers the complex
problem of modelling daily electricity prices, and the second undertakes a multivari-
ate analysis of stock market variability.

4.1 Modelling daily electricity prices

Daily electricity prices are often characterised by strong autoregressive persistence
and ARCH, and by day-of-the week and seasonal effects in both the mean and
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volatility specifications, see for example Escribano et al. (2009), and Koopman et al.
(2007). The power log-GARCH model permits a flexible and rich characterisation of
all these effects in a single model that can readily be estimated by means of OLS. As
an illustration we revisit the Spanish daily electricity price data in Escribano et al.
(2010), which spans the period 1 January 1998 to 31 December 2003 (T = 2191
observations), see the upper two graphs of figure 3.

If rt = ∆ lnSt denotes the return of the daily Spanish electricity price St, then
we start from the general model

rt = ϕ0 +
∑
m∈M

ϕmrt−m +
34∑
n=1

ηnxnt + ϵt,

ϵt = σtzt, zt ∼ IID(0, 1), P rob(zt = 0) = 0, σt > 0,

lnσ2
t = α0 +

∑
p∈P

αp ln ϵ
2
t−p +

∑
p∈P

λp ln ϵ
2
t−pIϵt−p<0 + ω0 lnEqWMA(7)t−1

+
33∑
d=1

ωdydt,

where M = {1, . . . , 14, 21, 28, 35}, and where the 34 xnt variables comprise 12 vari-
ables Irt>0, . . . , Irt−7>0, Irt−14>0, Irt−21>0, Irt−28>0, Irt−35>0 intended to capture asym-
metries in the constant, a GARCH-in-mean proxy (r2t−1 − 1), 4 threshold variables
Irt−1<−0.5, Irt−1>0.5, Irt−2<−0.5, Irt−2>0.5 that seek to capture the (possibly differing)
impact of large negative and large positive price changes, respectively, 6 day-of-
the-week dummies (Tuesday to Sunday) and 11 month-of-the-year dummies (Febru-
ary to December). This means the general unrestricted mean specification con-
tains a total of 51 deletable regressors, and one regressor (the constant) that is
restricted from deletion in the specification search. In the log-volatility specification
P = {1, . . . , 7, 14, 21, 28, 35}, EqWMA(7)t−1 is a rolling average of ϵ2t−1, . . . , ϵ

2
t−7,

and the 33 ydt variables are the same as the 34 xnt variables except for the GARCH-
in-mean proxy which is not included among the ydt variables. This means the
general unrestricted log-volatility specification contains a total of 56 deletable re-
gressors, and one regressor (the constant) that is restricted from deletion in the
specification search. Automated General-to-Specific (GETS) multi-path model se-
lection with AutoSEARCH (Sucarrat 2010) yields a parsimonious model, which we
further simplify by imposing economically meaningful parameter restrictions among
the regressors. The end result is (|t|-statistics in parentheses and p-values in square
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brackets)

r̂t = 0.114
(4.28)

− 0.045
(22.70)

· (8rt−1 + 4rt−2 + 3rt−3 + 2rt−4 + 2rt−5 + 2rt−6)

+0.056
(15.42)

· (2rt−7 + 2rt−14 + rt−21 + rt−28 + rt−35) + 0.186
(7.05)

(r2t−1 − 1)

+0.018
(32.05)

· (10Irt>0 + Irt−1>0 + Irt−6>0)− 0.016
(3.68)

· (Irt−7>0 + Irt−14>0)

−0.040
(9.00)

(Satt + 2Sunt)− 0.023
(2.72)

Dect + 0.062
(2.16)

Irt−2<−0.5 (13)

ln σ̂2
t = −2.517− 0.054

(2.40)
ln ϵ̂2t−3 + 0.393

(6.67)
lnEqWMA(7)t−1 − 0.247

(3.60)
(Irt>0 + Irt−1>0)

−0.329
(3.47)

(Wedt + Frit + Satt)− 0.392
(3.09)

(Aprt + Jult) + 1.218
(2.19)

Irt−1<−0.5 (14)

ẑt ∼ SGED(τ̂shape = 1.31, τ̂skew = 0.82) (15)

AR1 AR6 AR7 AR14 ARCH1 ARCH6 ARCH7 ARCH14 R2

−0.00
[0.95]

0.01
[0.98]

−0.00
[0.99]

−0.02
[0.21]

0.02
[0.48]

−0.02
[0.58]

0.03
[0.47]

0.03
[0.77]

0.70

The model is well-specified in the sense that the AR and ARCH tests exhibit little or
no signs of autocorrelation in the standardised residuals (see also the bottom graph
of figure 3), and in the squared standardised residuals. In the mean specification,
the lag structure suggests a negative but declining effect of the previous 6 days,
whereas the effect of lag-multiples of 7—a day-of-the-week effect—is positive albeit
also declining. The GARCH-in-mean proxy (r2t−1 − 1), is positive which means that
very large returns in absolute value (of 100% or more) has a positive impact of about
0.19 on next day’s returns. The next two terms suggests there is a asymmetry in the
size of return, and that the effect depends on the day-of-the-week. The retention
of the Saturday and Sunday dummies suggests prices tend to fall in the weekends
compared with the price level of the rest of the week (the effect is the double for
Sunday compared with Saturday), and similarly the effect of December is negative.
Finally, the last term suggests there is a large positive effect—a “return-reversal”
effect—from large falls of more than 0.5 in the log-price on the previous day.

Since R2 is substantially different from zero the log-volatility specification should
not be interpreted as a measure of price variability, but rather as a measure of the
time-varying accuracy of the mean specification: The greater lnσ2

t is, the more
inaccurate is the mean specification. Only the 3rd. log-ARCH term is retained
in the specification search, which suggests that there is little ARCH and that the
one there is is negative (cyclical). By contrast, the lagged impact of the log of
the volatility proxy EqWMA(7)t is positive and about 0.4. The retention of the
asymmetry terms suggests positive returns affect the precision of the mean equation
negatively both contemporaneously and tomorrow, whereas the day-of-the-week and
month-of-the-year dummies means there are some periodicity and seasonality effects
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on the precision. By contrast, a drop in the log-price larger than 0.5 increases the
precision of the mean specification. Finally, the fitted Skew GED distribution of the
standardised residuals suggests that they are fat-tailed with shape parameter equal
to 1.31 (τshape = 2 corresponds to the normal and τshape ∈ (1, 2) means the tails
are fatter), and that they are negatively skewed with skewness parameter equal to
0.82 (τskew = 1 corresponds to symmetry and τskew ∈ (0, 1) means the density is
negatively skewed).10

4.2 Multivariate ARCH modelling

The use of multivariate ARCH models is plagued by the curse of dimensionality
due to the number of parameters that has to be estimated. Here, we show that a
rich, multivariate log-ARCH model that is straightforwardly estimated equation by
equation by means of OLS/QML—thus avoiding numerical estimation issues—can
readily be simplified by means of the same automated GETS model selection meth-
ods as those of the previous subsection. The end result is a parsimonious model
and, in the process, a test for Granger-causality in the volatilities. Finally, we fit
a DCC structure of the Engle (2002) type on the time-varying correlations of the
standardised residuals. For the purpose of comparison we also fit a DCC model of
the Engle (2002) type to the same data, with a diagonal structure on the volatil-
ities made up of ordinary GARCH(1,1) models. Engle’s (2002) model is arguably
the most common DCC model in empirical practice due to its simplicity, and the
diagonality assumption means Granger non-causality is assumed from the outset in
Engle’s DCC. Both models are fitted to the daily, demeaned S&P500 and the FTSE
Euro 100 (EUR100) stock market index log-returns (in %) from 1 January 2001 to
30 October 2009 (T = 2302).11 The S&P500 log-return series is the same demeaned
series as in the previous section, and we demean the EUR100 returns the same way.
Both demeaned series are displayed in figure 1.

The estimates of the diagonal DCC model of Engle (2002) are (standard errors
in parentheses)

σ̂2
1,t = 0.010

(0.004)
+ 0.052

(0.012)
ϵ̂21,t−2 + 0.930

(0.010)
σ̂2
1,t−1

σ̂2
2,t = 0.005

(0.013)
+ 0.064

(0.004)
ϵ̂21,t−2 + 0.944

(0.009)
σ̂2
1,t−1

q̂21,2,t = ˆ̄ρ1,2 + 0.050(ẑ1,t−1ẑ2,t−1 − ˆ̄ρ1,2) + 0.483(q̂1,2,t−1 − ˆ̄ρ1,2),

where ρ̄ is the full sample sample correlation between ẑ1,t and ẑ2,t, and where the
fitted correlations ρ̂t are computed as q̂1,2,t/

√
q̂1,1,tq̂2,2,t. The model is estimated with

the R package ccgarch, see Nakatani (2010).

10We use the method proposed by Fernández and Steel (1998) to skew Nelson’s (1991) parametri-
sation of the standardised GED/exponential power distribution.

11The source of the EUR100 series is also Reuters-EcoWin Pro, and its series identifier is
ew:emu15555.
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The initial, general log-ARCH model is given by

lnσ2
1,t = α10 +

5∑
p=1

α11.p ln ϵ
2
1,t−p +

5∑
p=1

α12.p ln ϵ
2
2,t−p + ω11 lnEqWMA(20)1,t−1

+ω12 lnEqWMA(20)2,t−1 +
4∑
i=1

c1idayi,t

lnσ2
2,t = α20 +

5∑
p=1

α21.p ln ϵ
2
1,t−p +

5∑
p=1

α22.p ln ϵ
2
2,t−p + ω21 lnEqWMA(20)1,t−1

+ω22 lnEqWMA(20)2,t−1 +
4∑
i=1

c2idayi,t,

where day1, . . . , day4 are day-of-the-week dummies for Monday, Tuesday, Thursday
and Friday. GETS model selection yields (standard errors in parentheses and p-
values in square brackets)

ln σ̂2
1,t = 0.400

[0.00]
+ 0.075

(0.02)
ln ϵ̂21,t−2 + 0.063

(0.02)
ln ϵ̂22,t−1 + 0.734

(0.06)
lnEqWMA(20)1,t−1

ln σ̂2
2,t = 0.303

[0.00]
+ 0.920

(0.05)
lnEqWMA(20)2,t−1 − 0.495

(0.13)
Mont − 0.296

(0.13)
Frit,

and fitting an Engle (2002) like DCC model to the standardised residuals gives

q̂1,2,t = ρ̄+ 0.062(ẑ1,t−1ẑ2,t−1 − ρ̄) + 0.478q̂1,2,t−1.

The correlation parameters are estimated by ML using a standardised bivariate
Gaussian density.

The GETS model selection does not suggest that the diagonality assumption in
Engle’s DCC is fully justified, since ln ϵ̂2,t−2 is retained in the EU100 log-volatility
equation. Also, in the SP500 equation the final model contains a Monday and a
Friday effect. Nevertheless, Figure 5 compares the fitted standard deviations and
the fitted time-varying correlations of the two models, and graphically they are
almost identical. So even though the diagonality assumption and the lack of day-of-
the-week effects in Engle’s DCC might not be justified statistically, the assumptions
do not matter much graphically for the final fitted values.

5 Conclusions

We have provided results and generic methods that readily enables consistent esti-
mation and inference of a general class of univariate and multivariate exponential
ARCH models with time-varying correlations, even when the conditional density is
not known. Specifically, consistent QML estimation and inference of univariate and
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multivariate power log-GARCH models can be undertaken subject to very weak as-
sumptions for a given power, via vector ARMA representations. The unconditional
moments of the power log-GARCH model exist subject to restrictions that are much
weaker than for other exponential ARCH models, say, Nelson’s (1991) EGARCH
model, including when the power log-GARCH model is augmented with asymmetry
terms. In the empirical section we show that complex modelling problems with rich
persistence and periodicity structures in the volatility specifications, both univariate
and multivariate with time-varying conditional correlations, can readily be resolved
by the methods.
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Appendices

Appendix A: Closed form expressions for E|zt|c for the GED
and t distributions

The expectation of the absolute value of a GED variate ε raised to the power c
is readily available, since it can be showed that |ε|c is Gamma(1/2, τ) distributed
where τ is the GED shape parameter (τ = 2 yields the standard normal), see Harvey
and Chakravarty (2010). Accordingly:

E|ε|c = 2c/τΓ[(c+ 1)/τ ]

Γ(1/τ)
, c > −1, τ > 0. (16)

In particular, V ar(ε) = E|ε|2 = 22/τΓ(3/τ)/Γ(1/τ), and so for the standardised
(zero-mean, unit variance) GED variate z = ε/

√
V ar(ε) we obtain:

E|z|c = Γ(1/τ)c/2Γ[(c+ 1)/τ ]

Γ(3/τ)c/2Γ(1/τ)
, c > −1, τ > 0. (17)

Using the property that a t-variate with ν > −1 degrees of freedom can be
written as Xν1/2/Y

1/2
ν where X is a standard normal and Yν is a Chi-squared with

ν degrees of freedom, and where X and Y are independent, then the expectation of
the absolute value of a t variate ε is:

E|ε|c = νc/2Γ(c/2 + 1/2)Γ(−c/2 + ν/2)

Γ(1/2)Γ(ν/2)
, −1 < c < ν, (18)

see Harvey and Shephard (1996, p. 434). Next, since V ar(ε) = ν/(ν − 2) we obtain
(by setting z = ε/

√
V ar(ε)):

E|z|c = (ν − 2)c/2Γ(c/2 + 1/2)Γ(−c/2 + ν/2)

Γ(1/2)Γ(ν/2)
, −1 < c < ν, ν ̸= 2. (19)

Appendix B: E(ϵst) and E(ϵ2t ϵ
2
t−j) for the δth. power log-

GARCH(1,1) model

For the δth. power log-GARCH(1,1) model the unconditional variance of {ϵt},
and the autocovariances and autocorrelations of {ϵ2t}, are all made up of E(ϵ2t ),
E(ϵ2t ϵ

2
t−j) and E(ϵ

4
t ). Assuming the terms exist and that |α1+β1| < 1, then the sth.

unconditional moment E(ϵst), s ∈ {1, 2, . . .}, is

E(ϵst) = E(zst ) · exp
(

sα0

δ · (1− α1 − β1)

)
·

∞∏
i=1

E
(
|zt−i|sα1(α1+β1)i−1

)
, (20)

24



whereas for j = 1, 2, . . . the formula for E(ϵ2t ϵ
2
t−j) is

E(ϵ2t ϵ
2
t−j) = exp

[
2α0

δ

(
1 + (α1 + β1)

j

(1− α1 − β1)
+

j∑
i=1

(α1 + β1)
i−1

)]

·
j∏
i=1

E
(
|zt−i−1|2α1(α1+β1)i−1+2I(i=j)

)
·

∞∏
i=1

E
(
|zt−j−i|2α1(α1+β1)i−1·[1+(α1+β1)j ]

)
= exp

(
4α0

δ(1− α1 − β1)

)
·
j∏
i=1

E
(
|zt−i−1|2α1(α1+β1)i−1+2I(i=j)

)
·

∞∏
i=1

E
(
|zt−j−i|2α1(α1+β1)i−1·[1+(α1+β1)j ]

)
, (21)

where I(i=j) is an indicator function equal to 1 when i = j and zero otherwise.
Although the integer momentsE(ϵst), E(ϵ

2
t ϵ

2
t−k) and the autocovariancesE(ϵ2t ϵ

2
t−k)−

E(ϵ2t )
2 all depend on both α0 and δ, the autocorrelations do in fact not depend on

neither α0 nor on δ. The reason is that in the expression for the autocorrelation
[E(ϵ2t ϵ

2
t−j)− E(ϵ2t )

2]/[E(ϵ2t )− E(ϵ2t )
2], the expression exp(4α0/[δ(1− α1 − β1)]) can

be factored out both in the numerator and in the denominator.
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Table 1: Estimates of first order ARCH models fitted to de-meaned SP500 returns
1 January 2001 - 30 October 2009

Model α̂0 α̂1 β̂1 ω̂
GARCH(1,1) 0.0092 0.0663 0.9274
Log-GARCH(1,1), δ = 2 0.0857 0.0498 0.9401
Log-GARCH(1,1), δ = 1 0.0428 0.0498 0.9401
Log-ARCH(0) w/volatility proxy, δ = 2 0.1391 0.9299

Log-returns in % de-meaned by an AR(1) with constant. GARCH(1,1) model: σ2
t =

α0+α1ϵ
2
t−1+β1σ

2
t−1. Log-GARCH(1,1) models: lnσδt = α0+α1 ln |ϵt−1|δ+β1 lnσδt−1.

Log-ARCH(0) w/volatility proxy: lnσ2
t = α0 + ω ln EqWMA(20)t−1, where

EqWMA(20)t = (1/20)
∑20

n=1 ϵ
2
t−n.

Table 2: Autocorrelations of {ϵ2t} for the δth. power log-GARCH(1,1) model and
for the GARCH(1,1) model, with α0 = 0.005, α1 = 0.05 and β1 ∈ {0.9, 0.94}

Log-GARCH(1,1), β1 = 0.9 Log-GARCH(1,1), β1 = 0.94 GARCH(1,1)

Lag N GED(1.1) t(5) N GED(1.1) t(5) β1 = 0.9 β1 = 0.94
1 0.096 0.062 0.031 0.215 0.135 0.070 0.073 0.155
2 0.091 0.058 0.029 0.212 0.133 0.069 0.069 0.153
3 0.086 0.055 0.028 0.209 0.132 0.068 0.065 0.152
4 0.081 0.052 0.026 0.207 0.130 0.067 0.062 0.150
5 0.077 0.049 0.025 0.204 0.128 0.066 0.059 0.149
6 0.073 0.047 0.023 0.201 0.126 0.065 0.056 0.147
7 0.069 0.044 0.022 0.199 0.124 0.065 0.053 0.146
8 0.066 0.042 0.021 0.196 0.123 0.064 0.051 0.144
9 0.062 0.040 0.020 0.194 0.121 0.063 0.048 0.143
10 0.059 0.038 0.019 0.191 0.119 0.062 0.046 0.142
11 0.056 0.036 0.018 0.189 0.118 0.061 0.043 0.140
12 0.053 0.034 0.017 0.187 0.116 0.060 0.041 0.139
13 0.050 0.032 0.016 0.184 0.114 0.060 0.039 0.137
14 0.048 0.030 0.015 0.182 0.113 0.059 0.037 0.136
15 0.045 0.029 0.014 0.180 0.111 0.058 0.035 0.135
16 0.043 0.027 0.014 0.177 0.110 0.057 0.034 0.133
17 0.041 0.026 0.013 0.175 0.108 0.057 0.032 0.132
18 0.039 0.024 0.012 0.173 0.107 0.056 0.030 0.131
19 0.037 0.023 0.012 0.171 0.105 0.055 0.029 0.129
20 0.035 0.022 0.011 0.169 0.104 0.054 0.027 0.128
21 0.033 0.021 0.010 0.167 0.103 0.054 0.026 0.127
22 0.031 0.020 0.010 0.165 0.101 0.053 0.025 0.125
23 0.030 0.019 0.009 0.163 0.100 0.052 0.023 0.124
24 0.028 0.018 0.009 0.161 0.099 0.052 0.022 0.123
25 0.027 0.017 0.008 0.159 0.097 0.051 0.021 0.122

The label N means zt ∼ N(0, 1), GED(1, 1) means zt ∼ GED with shape parameter τ = 1.1

(τ = 2 gives the normal, τ ∈ (1, 2) gives densities that are more fat-tailed than the normal),

whereas t(5) means zt is Student’s t with 5 degrees of freedom.
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Table 5: Finite sample size in the logarithmic volatility specification, using a nominal
level of 5%
H0 H1 Fitted specification T τ = 1.1 τ = 2 τ = 3
α1 = 0 α1 ̸= 0 α0 + α1 ln ϵ

2
t−1 10 0.054 0.049 0.047

100 0.047 0.046 0.044
1000 0.052 0.049 0.051
10000 0.048 0.049 0.048

α0 = 0 α0 ̸= 0 α0 10 0.070 0.044 0.027
100 0.027 0.004 0.001
1000 0.015 0.001 0.000
10000 0.020 0.001 0.002

The simulation DGP is rt = ϵt, ϵt = σtzt, zt
IID∼ GED(τ), lnσ2

t = 0, for t = 1, . . . , T .

Tests are two-sided. Simulations in R with 10 000 replications.
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Figure 1: Daily demeaned log-returns (in percent) of the EURO100 and SP500 stock
market indices 1 January 2001 - 30 October 2009 (2302 observations)
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line: Log-ARCH(0) with EqWMA(20)t−1 as volatility proxy
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Figure 5: Conditional standard deviations (upper graphs) and time-varying correla-
tions (bottom graph) of the bivariate log-ARCH model (blue lines) and the bivariate
(diagonal) DCC model (red lines) of Engle (2002)
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