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ABSTRACT 

 

We develop and apply a method, called weighted-covariance factor decomposition 

(WCFD), for reducing an estimated VARMA "data" model of observed variables being 

considered to a smaller VARMA "factor" model of a subset of observed variables 

of primary interest. Although WCFD is conceptually and computationally closely 

related to principal components decomposition (PCD), it has 3 notably different 

features: (1) whereas PCD strictly applies only to stationary data, WCFD applies 

without change to any mixture of stationary and nonstationary data and models; 

(2) whereas PCD implicitly takes a long time perspective, in WCFD the user sets 

a time perspective of any finite duration; (3) like PCD, WCFD can reduce data to 

factors, but, unlike PCD, also reduces "data" models to "factor" models. We 

illustrate WCFD with U.S. monthly indicators (4 coincident, 10 leading) and 

quarterly real GDP. We estimate 4 monthly models of 5 and 11 variables, in log 

and differenced-log forms, apply WCFD to the estimated models, determine the 

number of significant factors for each model; reduce each model to a univariate 

"implicit-factor" GDP model; and compare the estimated "data" and reduced 

"factor" models in terms of RMSEs of out-of-sample GDP forecasts. The 

application's main conclusion is that WCFD can reduce moderately-large monthly 

models of quarterly GDP and up to 10 monthly indicators to univariate monthly 

GDP models which can forecast out-of-sample GDP at monthly intervals about as 

accurately as their larger antecedent models. 
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1. Introduction. 
 

 Parsimony or minimizing the "size" of a model, without compromising its 

ability to fit data, is the major goal when estimating a model. Parsimony is 

often interpreted as seeking a model with the fewest number of estimated 

parameters and this objective is often furthered by choosing a model with a 

lowest information criterion (e.g., Akaike, 1973). Accordingly, because models 

with fewer variables tend to have fewer parameters, preferring models with fewer 

variables furthers parsimony. In vector autoregressive moving-average (VARMA) 

modelling of time-series data, parsimony means dropping insignificant 

coefficients of lagged variables or of lagged disturbances or zeroing out 

insignificant disturbance covariances. In state-space modelling of time-series 

data, parsimony means choosing models with the fewest state variables, which is 

called minimum realization (MR) and was ported from engineering to econometrics 

(e.g., Aoki, 1983, 1987; Mittnik, 1990a-b). 

 Subject matter can often indicate what "primary" variables should be 

included in a model, but is often unclear about what other "secondary" variables 

should be included, which are not of primary interest but are presumed to 

significantly affect the primary variables. Models may include too many 

secondary variables and there is no general agreement on eliminating unnecessary 

ones. The present weighted-covariance factor decomposition (WCFD) method 

addresses this issue by weighting variables in a PC-like decomposition. The idea 

is to start with a set of observed variables, estimate a VARMA "data" model of 

them, and, then, use WCFD to reduce the data model to a smaller "factor" model 

involving only variables of "primary" interest. 

 In the paper, we discuss deriving WCFD, computing WCFD, adapting to WCFD 

Anderson's (1984, pp. 473-475) asymptotic test for the number of significant 

eigenvalues of a sample covariance matrix, reducing a data model to a factor 

model, and applying these steps to 4 estimated monthly data models of log and 

first-differenced-log forms of U.S. monthly-indicator and quarterly-GDP data 

from January 1959 to June 2002. Using the estimated data models and the derived 

factor models, we compute out-of-sample monthly forecasts of GDP and evaluate 

their accuracy in terms of root mean-squared errors (RMSE). We evaluate GDP 

forecasts as a way of evaluating WCFD, not as an attempt to forecast GDP per se. 

The application has the interesting result that the derived monthly univariate 

GDP-factor models forecast GDP at monthly intervals almost as accurately as the 

larger antecedent data models. 
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 Hotelling (1933) introduced the principal components decomposition 

(Anderson, 1984, ch. 11). Let ∞
=0kk}Ĉ{  denote population autocovariance matrices 

of a vector of variables in yt and their k-period lags in yt-k and let kĈ  denote 

a sample-based estimate of Ck. Classical PCD uses only 0Ĉ  and, thus, is static 

(Bai and Ng, 2002; Stock and Watson, 2002a-b). Forni and Reichlin (1998) and 

Forni, Hallin, Lippi, and Reichlin (2000) used Fourier transformed K
0kk}Ĉ{ =  and, 

thus, produced dynamic PCDs. Similarly, here we use K
0k0}Ĉ{ =  to produce dynamic 

decompositions. 

 Earlier maximum likelihood estimates (MLE) of dynamic factor models 

(Sargent and Sims, 1977; Geweke and Singleton, 1981) were restricted to small 

models, with few variables and few parameters, because MLE is demanding 

computationally. By the 1990s, despite large reductions in computing costs, 

interest shifted to applying PCD to hundreds of observed financial and 

macroeconomic variables to produce also small dynamic factor models (Stock and 

Watson, 2002a-b; Forni et al., 1998, 2000). 

 PCD is computationally feasible if 0Ĉ  is nonsingular, which happens with 

probability one if the data have more sampling periods than variables and no 

variables exactly satisfy linear equations. Additional assumptions in terms of 

the approximate factor model (AFM) are usually made so that PCD provides 

consistent estimates of AFM parameters, principally assumptions on eigenvalues 

as the sample size and the number of variables go to infinity (Bai and Ng, 2002; 

Stock and Watson, 2002a-b). By contrast, in this paper, we assume a fixed and 

finite set of variables. 

 WCFD has three notable features that differentiate it from PCD: 

 1. Stationarity. Strictly, PCD assumes that the data are stationary, so 

that C0 exists. For example, Stock and Watson (2002b) first-difference time-

series data to stationary form if their originally given values are 

nonstationary. By contrast, WCFD applies to a data model regardless whether it 

is stationary or nonstationary, because WCFD uses a model's transfer-function 

coefficients from 0 to h-1, where h denotes a finite number of chosen forecast 

periods and the finite number of transfer-function coefficients can be computed 

whether the model is stationary or nonstationary. 

 If some AR roots are nonstationary or near-nonstationary and h is 

sufficiently large, then, WCFD will tend to "latch onto" the largest AR 

characteristic root and account for nearly 100% of weighted forecast-error 

covariances with one factor, a result which is often uninformative. In such 
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cases, we can filter out nonstationary or near-nonstationary AR roots before 

computing WCFD. The AR roots are filtered out only to compute WCFD and are not 

removed from the estimated data model before it is reduced to a factor model. 

 2. Factors and Factor Models. PCD reduces data to factors but does not 

reduce a data model to a factor model. PCD factors are often (Stock and Watson, 

2002a-b) used to estimate VAR equations, called a dynamic factor model, for 

forecasting the variables of primary interest such as GDP. WCFD does this more 

directly and in a more unified fashion, by reducing an estimated dynamic data 

model to a dynamic factor model. 

 3. Time Perspective. Because, for stationary data, C0 is also the 

infinite-horizon forecast-error covariance matrix of stationary variables, PCD 

could be said to take an infinite-horizon time perspective. By contrast, because 

WCFD decomposes the weighted covariance matrix of h-period-ahead forecast 

errors, WCFD could be said to take a finite h-period-ahead time perspective. 

 Although mixed frequencies have nothing per se to do with WCFD, they are 

used in the application to make it more interesting. Kalman-filtering-based MLE 

has been used to estimate VARMA models using mixed-frequency data (Zadrozny, 

1990; Mittnik and Zadrozny, 2004) but computational constraints restrict MLE to 

models with limited numbers of variables and lags. The extended Yule-Walker 

(XYW) method (Chen and Zadrozny, 1998) is more likely to be successful in 

estimating a large VAR model with mixed-frequency data. XYW is a 2-step linear 

optimal instrumental variable method which efficiently estimates a VAR model 

when data have missing values, including mixed frequencies. However, unlike 

Kalman-filter-based MLE, XYW can estimate a VAR model but not a VARMA  model. 

 WCFD also provides a purely-data-based and economic-theory-free variance 

decomposition, but this aspect will not be emphasized here. Sims (1980a-b) 

advocated computing variance decompositions of estimated VAR models to judge 

explanatory power of one variable on another. Initially, Sims favored variance 

decompositions based on Cholesky decomposition, which is a purely numerical 

method, inherently with no particular economic meaning. Following Cooley and 

Leroy's (1985) critique, Bernanke (1986), Sims (1986), and most others now 

mostly base variance decompositions on structural identifications. Being based 

on a presumably well-fitting data model, yet being economic-theory-free, WCFD 

could be used as an exploratory data-based variance decomposition, prior to a 

more conclusive structural decomposition. The application in section 6 similarly 

follows a reduced-form or parameter-restriction-free approach, in contrast to 

the structural approaches of, say, Mariano and Murasawa (2003) or Evans (2005), 

with many detailed restrictions on parameters. 
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 Although the literature cited above and the application below are based on 

sampling estimation methods, dynamic factor models have been estimated using 

Bayesian methods (Otrok and Whiteman, 1998; Kim and Nelson, 1999; Aguilar and 

West, 2000). The statistics literature has also considered dynamic factor models 

under the rubrics canonical analysis (Box and Tiao, 1977) and reduced rank 

regression (Ahn and Reinsel, 1988; Deistler and Hamman, 2005). 

 The paper proceeds as follows. Section 2 defines WCFD. Section 3 proposes 

two closely related methods for computing WCFD, also closely related to the 

usual method for computing PCD. Section 4 adapts to WCFD Anderson's (1984, pp. 

473-475) asymptotic test for the number of significant eigenvalues of a sample 

covariance matrix. Section 5 discusses computing factors and reducing a data 

model to a significant-factor model in explicit and implicit forms. Section 6 

applies WCFD to ML estimated VARMA-data models of monthly indicators and 

quarterly GDP. Section 7 concludes the paper. 

 

2. Defining WCFD. 

 

In what follows, all quantities are real valued except possibly 

characteristic roots, which may be complex valued. Let yt denote an n×1 vector 

of sample-mean-adjusted variables observed in periods t = 1, ..., T and presumed 

to be generated by a VARMA-data model, 

 

(2.1)     yt = A1yt-1 + ... + Apyt-p + ξt + B1ξt-1 + ... + Bqξt-q, 

 

where ξt is an n×1 vector of unobserved innovations, distributed normally, 

identically, independently, with zero means and positive definite covariance 

matrix Σξ or ξt ~ NIID(0n×1,Σξ), where 0n×1 denotes the n×1 zero vector. Model 

(2.1) is stated more concisely in terms of lag operator L as A(L)yt = B(L)ξt, 

where A(L) = In - A1L - ... - ApLp, B(L) = In + B1L + ... + BqLq, and In denotes 

the n×n identity matrix. Although equation (2.1) is a reduced form, whose 

parameters might be restricted further in terms of fewer structural parameters, 

to compute WCFD we need only the reduced form. 

 In general, yt is a vector of data means plus a vector of deviations from 

the means. The means are the nonstochastic and (unconditionally) predictable 

parts of yt and the deviations from the means are the stochastic and 

unpredictable parts. In general, the means could be nonconstant and could 

include time trends, calendar effects, and other regression effects. We abstract 
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from the means because WCFD pertains only to the stochastic deviations from the 

means. In the application, for simplicity, we assume the means are constant, 

estimate them as sample means, and remove them at the start. 

To ensure accurate computations, model (2.1) should first be standardized 

as follows. There are two cases to consider: (i) data on yt are available and 

model (2.1) is estimated; (ii) data on yt are unavailable but an estimate of 

model (2.1) is available. Let S = diag[s1, ..., sn] denote the n×n diagonal 

matrix with positive standardizing values, si. In case (i), the data should be 

standardized as (a) yt := S-1yt prior to estimating the data model, where := 

denotes assignment and si denotes the sample standard deviation of variable i. 

In case (ii), estimated reduced-form parameters should be standardized as (b) 

A(L) := S-1A(L)S, B(L) := S-1B(L)S, and Σξ := S-1ΣξS-1, where si denotes the 

estimated standard deviation of disturbance i. The standardizations promote 

accurate computations, because they eliminate differences in magnitudes of 

numbers due to differences in units of measurement of different variables. In 

particular, standardization (b) puts disturbances in common units of standard 

deviations and makes Σξ the correlation matrix of ξt. 

We define characteristic AR and MA roots as follows. Model (2.1) is 

stationary if and only if the absolute characteristic AR roots are < 1, namely, 

if and only if det[Inλp - A1λp-1 - ... - Ap-1λ - Ap] = 0 implies |λ| < 1. Model 

(2.1) is invertible if and only if the absolute characteristic MA roots are < 1, 

namely, if and only if det[Inλq + B1λq-1 + ... + Bq-1λ + Bq] = 0 implies |λ| < 1. 

In econometrics, characteristic roots are usually defined as reciprocals of the 

present roots, so that a VARMA model is stationary and invertible if and only if 

its absolute characteristic AR and MA roots are > 1, although here it is more 

convenient to define the characteristic roots as above, so that they can be 

computed as the eigenvalues of a companion matrix (e.g., F in equation (5.7)). 

If data model (2.1) is stationary, then, it has the transfer function 

 

(2.2)     yt = Ψ(L)ξt = ( i
0i iL∑∞

=
Ψ )ξt = it0i i −

∞

=
ξΨ∑ , 

 

where Ψ(L) = A(L)-1B(L). Whether or not the model is stationary or invertible, 

the finite sequence {Ψi
1h
0i}

−
=  can be computed by iterating on 

 

(2.3)     Ψi = iji
)p,imin(

1j j BA +Ψ −=∑ , 
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for i = 1, ..., h-1, starting with Ψ0 = In, such that Bi = 0 for i > q. 

In nonstationary or near-nonstationary cases, WCFD could latch onto the 

largest nonstationary or near-nonstationary AR root (the latter being defined, 

say, as |λi| > .99), especially if h is large, and account for nearly 100% of 

weighted covariances with one factor, a result which is often uninformative. In 

such case, we could filter out nonstationary or near-nonstationary AR roots 

before computing WCFD. Let υ
=λ 1ii}{  denote the ν nonstationary or near-

nonstationary AR roots of data model (2.1). We would filter transfer function 

(2.2) using λ(L) = (1-λ1L)⋅⋅⋅(1-λνL) and would obtain filtered function ty
~  = 

)L(
~
Ψ ξt, where ty

~  = λ(L)yt and )L(
~
Ψ  = λ(L)Ψ(L). Then, we would compute WCFD for 

)L(
~
Ψ  and Σξ. The roots would be filtered out from Ψ(L) only to compute WCFD and 

would not be removed from the data models or the factor models. 

Let ηht = yt+h - Etyt+h denote the n×1 vector of errors from forecasting yt+h 

at time t, for forecast Etyt+h and finite forecast horizon h = 1, 2, .... In 

terms of innovations, the forecast errors are 

 

(2.4)     ηht = iht
1h

0i i −+
−

=
ξΨ∑ , 

 

and have the covariance matrix 

 

(2.5)     Γh = E T
hthtηη  = T

i
1h

0i i ΨΣΨ ξ
−

=∑ , 

 

where superscript T denotes transposition. We propose evaluating WCFD in terms 

of the forecast accuracy of the r×1 vector of primary weighted variables, wt = 

Wyt, where W is an r×n matrix of chosen weights and 1 ≤ r = rank(W) ≤ n. Then, Ω 

= WTW represents the weights as an n×n symmetric positive semi-definite matrix 

and v = E ht
T
ht ηΩη  = tr[ΩΓh] is the expected weighted h-period-ahead squared 

forecast error, where tr[⋅] denotes the trace of a matrix. Inserting equation 

(2.5) into v, we obtain 

 

(2.6)     v = tr[Ω T
i

1h

0i i ΨΣΨ ξ
−

=∑ ]. 

 

 The following three examples illustrate singular and nonsingular weighting 

matrices: 
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 1. Minimum Portfolio Variance. Let W = (w1, ..., wn) denote a 1×n vector 

of portfolio allocation weights. Every variable in a portfolio receives a 

nonzero weight according to whether it is an asset (wi > 0) or a liability (wi < 

0). Variables outside the portfolio that help to forecast it are included in the 

data model but have zero weight in W. Ω = WTW has rank 1 and is singular for n > 

1. WCFD decomposes portfolio forecast-error variance. If Σξ is positive 

definite, then, Γh is positive definite and W = ( Te 1
h
−Γ e )-1 Te 1

h
−Γ  minimizes 

portfolio variance with respect to W, subject to WT e  = 1, where e  = (1, ..., 

1)T is the n×1 vector of ones. 

2. Forecasting. Let W = T
ie  = (0, ..., 1, ..., 0) denote an n×1 weight 

vector with 1 in position i and 0 elsewhere. As in example one, Ω = WTW has rank 

1 and is singular for n > 1. Only primary variable i receives nonzero weight in 

WCFD and is forecast. The remaining secondary variables ensure that the data 

model accounts for all significant interactions among primary and secondary 

variables. More generally, Ω = ∑ =

J

1j
T
jiji

ee , with rank J, where J
1jj}i{ =  denotes a 

subset of J integers from {1, ..., n}. In this case, only the primary variables 

J
1jj}i{ =  receive nonzero weight in WCFD and are forecast. Because the scale of Ω 

is irrelevant in WCFD, the weights could be any nonzero equal numbers. 

3. Principal Components. Let Ω = ∑ =

n

1i
T
iiee  = In, the nonsingular n×n 

identity matrix. In addition, if all variables are stationary and the forecast 

horizon, h, is large (strictly, h = ∞), then, v is the sum of the unweighted 

variances of all variables and WCFD corresponds to PCD. 

WCFD produces n×n decomposition matrix R, which satisfies RRT = Σξ and is 

analogous to the factor-loading matrix in PCD. If Σξ is positive definite, as we 

assume in assumption (i) below, then, R is invertible and we can define 

structural disturbance vector εt = (ε1t, ..., εnt)T ≡ R-1ξt, usually called 

"structural" because its elements are uncorrelated. Let ri denote column i of R 

and let vi denote weighted h-step-ahead forecast-error covariances accounted for 

by structural disturbance i. Then, equation (2.6) can be written equivalently as 

v = ∑ =

n

1i iv , where 

 

(2.7)     vi = 
T
ir Qri, 

 

for i = 1, ..., n, and 
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(2.8)     Q ≡ ∑ −

=
ΩΨΨ1h

0i i
T
i . 

 

Q is symmetric positive semidefinite by construction and may or may not be 

positive definite if the forecast horizon, h, is sufficiently large. 

We define WCFD recursively. For i = 1, ..., n-1, let Σi = Σξ - 
T
iiXX , Xi = 

[r1, ..., ri-1], X1 = 0n×1, and Yi ≡ [ri+1, ..., rn], a matrix of slack variables 

which ensures that T
iirr  + T

iiYY  = Σi is satisfied. For i = 1, ..., n-1, we want 

to maximize iϕ  = T
ir Q ir /v, with respect to ri, so that 

T
iirr  + T

iiYY  = Σi is 

satisfied and, for i = n, we want rn to satisfy 
T
nnXX  + T

nnrr  = Σξ. Because v is 

independent of ri, it suffices to maximize vi. 

First, given Σ1 = Σξ (and Q), we maximize v1 with respect to r1 and Y1, 

subject to T
11rr  + T

11YY  = Σ1, by eliminating Y1 and solving for r1 and v1. Then, 

given X2 = r1 and Σ2 = Σξ - 
T
22XX , we maximize v2 with respect to r2 and Y2, 

subject to T
22rr  + T

22YY  = Σ2, by eliminating Y2 and solving for r2 and v2. Then, 

given X3 = [r1, r2] and Σ3 = Σξ - 
T
33XX , we maximize v3 with respect to r3 and Y3, 

subject to T
33rr  + T

33YY  = Σ3, by eliminating Y3 and solving for r3 and v3. 

Continuing like this, we determine Xn = [r1, ..., rn-1]. Finally, given Xn and Σn 

= Σξ - 
T
nnXX , we determine rn which satisfies 

T
nnrr  = Σn, so that Yn = 0n×n, and, 

thus, determine R = [r1, ..., rn]. 

We assume (i) that Σξ is positive definite, (ii) that W ≠ 0r×n, hence, that 

ΣξQ = ΣξWTW ≠ 0n×n (have positive rank), and (iii) that ΣξQ has distinct nonzero 

(real and positive) eigenvalues. Section 3 shows that the significant part of 

WCFD, associated with significantly positive and distinct eigenvalues of ΣξQ, 

exists and is unique if assumptions (i)-(iii) hold. In practice, assumptions (i) 

and (iii) can be expected to hold when variables are not subject to linear 

restrictions and assumption (ii) holds always by construction. 

If the data model is stationary, then, T
i0i i ΨΣΨ ξ

∞

=∑  = T
i

1h

0i i ΨΣΨ ξ
−

=∑  + 

T
ihi i ΨΣΨ ξ

∞

=∑  or unconditional data covariances = conditional h-period-ahead 

forecast-error covariances + unconditional h-period-ahead forecast covariances, 

such that all three terms are finite. WCFD decomposes tr[Ω T
i

1h

0i i ΨΣΨ ξ
−

=∑ ] or 

conditional forecast-error covariances (weighted by Ω, for any h, any VARMA 
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model, subject to RRT = Σξ) and Box and Tiao (1977) decompose tr{[
T
i0i i ΨΣΨ ξ

∞

=∑ ]-1 

×[ T
i1i i ΨΣΨ ξ

∞

=∑ ]} or unconditional forecast covariances (standardized, unweighted, 

for h = 1, any VAR model, not subject to any side restrictions). Although these 

objectives might seem significantly different, WCFD applied to unstandardized 

and unweighted objectives tr[ T
i

1h

0i i ΨΣΨ ξ
−

=∑ ] and tr[ T
i

1h

1i i ΨΣΨ ξ
−

=∑ ], for h > 1, often 

produced similar results. 

 

3. Computing WCFD. 

 

We consider computing WCFD in two parts: for i = 1, ..., n-1 and for i = 

n. Following the definition of WCFD in section 2, first, we derive first-order 

conditions for i = 1, ..., n-1, discuss two methods for solving them, and, then, 

state the condition for i = n and discuss a method for solving it. 

For i = 1, ..., n-1, given Q and Σi, the Lagrangian for maximizing vi with 

respect to ri and Yi, subject to 
T
iirr  + T

iiYY  = Σi, is 

 

(3.1)     Li = 
T
ir Qri + tr{Ξi[Σi - T

iirr  - T
iiYY ]}, 

 

where Ξi is an n×n matrix of Lagrange multipliers. We obtain first-order 

conditions by differentiating Li with respect to ri, Yi, and Ξi and setting the 

derivatives to zero, 

 

(3.2)     (Q - Ξi)ri = 0n×1, 

 

(3.3)     ΞiYi = 0n×(n-i), 

 

(3.4)     T
iirr  + T

iiYY  = Σi, 

 

for i = 1, ..., n-1, where  0k×  denotes the k×  zero matrix. To eliminate Yi from 

equation (3.4), we postmultiply the equation by Ξi and obtain 

 

(3.5)     (Σi - T
iirr )Ξi = 0n×n, 
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for i = 1, ..., n-1. Then, to eliminate Ξi from equation (3.5), we postmultiply 

the equation by ri, use equation (3.2) to eliminate Ξiri, use vi = 
T
ir Qri, and 

obtain the eigenvalue problems 

 

(3.6)     (ΣiQ - viIn)ri = 0n×1, 

 

for i = 1, ..., n-1. 

We recall some linear algebra. A real positive semidefinite or positive 

definite square matrix, whether symmetric or not, has real, respectively, 

nonnegative and positive eigenvalues and real eigenvectors. Σξ is symmetric 

positive semidefinite by construction and positive definite by assumption; Q is 

symmetric positive semidefinite by construction and may be positive definite if 

the forecast horizon, h, is sufficiently large. The product of two symmetric 

positive semidefinite matrices is positive semidefinite and generally 

asymmetric. If Σξ has full rank n, then, Σi has rank n-i+1. 

We now describe method 1 for solving first-order conditions (3.6). For i = 

1, ..., n, let λi1 ≥ ... λin ≥ 0 denote the real nonnegative eigenvalues of ΣiQ, 

ordered in decreasing size and let zi1, ..., zin denote associated real 

eigenvectors. Then, for i = 1, ..., n-1, because vi = 
T
ir Qri is being maximized, 

we set vi = λi1, determine m, the number of significant vi, and, for i = 1, ..., 

m, set 

 

(3.7)     ri = 
1i

T
1i

1i

Qzz

λ
zi1, 

 

where associated eigenvector zi1 is scaled as 1i
T
1i zz  = 1 and vi = T

ir Qri, as 

desired. The eigenvalues of ΣiQ exist and are unique in any case. Assumption 

(iii), that nonzero eigenvalues of ΣξQ are distinct, implies that [z11, ..., zm1] 

and, hence, that R1 = [r1, ..., rm] exist and are unique (Wilkinson, 1965, pp. 4-

6). 

If the last n-m eigenvalues of ΣξQ are sufficiently near zero to be 

numerically indistinct, then, R2 = [rm+1, ..., rn] generally cannot be computed 

accurately (Golub and Van Loan, 1996). But, because we need only significant R1 

for further WCFD computations, we can forego computing insignificant R2. 
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We now describe method 2 for solving first-order conditions (3.6). Method 

2 follows from method 1 because, for i, j = 1, ..., n and i ≠ j, T
ir Qrj = 0 and 

1
ξ

T
ir

−Σ rj (cf., Box and Tiao, 1977, pp. 356-357). Let μ1 ≥ ... ≥ μn ≥ 0 denote the 

real nonnegative eigenvalues of ΣξQ in decreasing size and let x1, ..., xn denote 

associated real eigenvectors. Then, for i = 1, ..., n-1, we compute μi, set vi = 

μi, determine m = the number of significant vi, and, for i = 1, ..., m, set 

 

(3.8)     ri = 
i

T
i

1

Qxx

μ
xi, 

 

where associated eigenvector xi is scaled as i
T
ixx  = 1 and vi = T

ir Qri, as 

desired. 

First-order conditions (3.6) could include part 2 for i = n, but, for 

greater computational accuracy, we solve it separately as follows. First, 

compute vn residually as vn = tr(ΣξQ) - ∑ −

=

1n

1i iv . If vn is significant and rn is 

needed for further WCFD computations, then, we recommend computing rn by solving 

T
nnrr  = Σn for rn. Postmultiplying T

nnrr  = Σn by rn, we obtain the eigenvalue 

problem 

 

(3.9)     (Σn - ωiIn)χi = 0n×1, 

 

for i = 1, ..., n, where ω1 ≥ ... ≥ ωn denote the eigenvalues of Σn in decreasing 

size and χ1, ..., χn denote associated eigenvectors. Because Σn has rank one,  ω1 

> 0, ω2 = ... = ωn = 0, and we set 

 

(3.10)     rn = 1ω χ1, 

 

where associated eigenvector χ1 is scaled as 1
T
1χχ  = 1 and ω1 = n

T
nrr  and RRT = Σξ, 

as desired. 

Methods 1 and 2 share part 2. Method 2 is simpler to implement and was 

used in the application in section 6. Both methods require about the same number 

of computations as PCD (Anderson, 1984, ch. 11, pp. 451-460). Whereas PCD 

decomposes a covariance matrix ( 0Ĉ ), WCFD decomposes decomposes the product of 
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a covariance matrix (Σξ) and a symmetric positive semi-definite weighting matrix 

(Q). 

 

4. Testing for the Number of Significant Factors. 

 

 This section describes a strategy for testing for the number of 

significant vi, i.e., for the number of significant "factors". For a given 

"threshold", ρ ∈ (0,1), let Hm denote the hypothesis that, for i = 1, ..., m, vi 

are significant in the sense of accounting for at least the fraction 1-ρ of 

weighted covariances. Thus, Hm is true if and only if 

 

(4.1)     δm ≡ Tρ v  = -ρ∑ =

m

1i iv  + (1 - ρ)∑ +=

n

1mi iv  ≤ 0, 

 

where ρ  ≡ (-ρ, ..., -ρ, 1-ρ, ..., 1-ρ)T and v  ≡ (v1, ..., vn)T are n×1 vectors. 

Consider the following testing sequence. Start with m = 1. For m = 1, test 

Hm; if Hm is accepted, accept m = 1 as the number of significant factors. 

Otherwise, for m = 2, test Hm; if Hm is accepted, accept m = 2 as the number of 

significant factors. Otherwise, continue like this until possibly reaching m = 

n-1; if Hm is accepted for m = n-1, accept m = n-1 as the number of significant 

factors. Otherwise, accept m = n as the number of significant factors. Because 

vi ≥ 0 and ∑ =

n

1i iv  = 1, the testing sequence is always conclusive. 

WCFD is in effect a nonlinear differentiable function from φ to v , 

denoted v  = v (φ). If φ is certain, say, because it is assumed for a 

hypothetical model, then, Hm is not rejected if and only if δm ≤ 0. However, 

generally, φ is estimated and uncertain, so that Hm must be tested 

probabilistically. We can do this by expanding δm ≤ 0 to a probabilistic 

statement similar to Anderson's (1984, ch. 11, pp. 473-475) asymptotic test for 

the number of significant PCD factors. 

 If VARMA data model (2.1) is stationary and invertible and some additional 

conditions hold (Hosoya and Taniguchi, 1982), then T ( φ̂  - φ0) ~ AN(0,Ŝ ), where 

vector φ collects the parameters of the VARMA data model, hat (^) denotes a 

quantity evaluated at the MLE of φ, subscript zero denotes a true value, ~ AN 

denotes an asymptotic normal distribution as the number of sample periods, T, 

goes to infinity, and Ŝ  denotes the asymptotic covariance matrix of T ( φ̂ -φ0). 
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If T ( φ̂ -φ0) ~ AN(0,Ŝ ) and additional conditions hold (Serfling, 1982, pp. 122-

124), then, T ( v̂ - 0v ) ~ AN(0, v̂∇ Ŝ v̂∇ T), where v̂∇  denotes the Jacobian matrix 

of first-partial derivatives of v (φ) evaluated at φ̂ , and, because ρ  is 

constant, 

 

(4.2)     T ( mδ̂  - δm0) ~ AN(0, 2
m

ˆδσ ), 

 

where 2
m

ˆδσ  ≡ Tρ v̂∇ Ŝ v̂∇ T ρ . For given φ̂  and Ŝ , applying a matrix-differentiation 

method (Mittnik and Zadrozny, 1993; Chen and Zadrozny, 2003, appendix A), it is 

straightforward but tedious to obtain equations for computing v̂∇ , hence 2
m

ˆδσ . 

 Using equations (4.1)-(4.2) and following standard sampling-theory 

testing, Hm may be tested as follows. Let α ∈ (0,1) denote a chosen significance 

level and let cα denote a critical value defined by Prob[z ≤ cα] = 1 - α, where 

z ~ N(0,1). Then, for given m, ρ, and α, Hm is not rejected if and only if 

 

(4.3)     τm ≡ 
m

m

ˆ

ˆ

δσ
δ

 ≤ cα. 

 

If φ̂  is not asymptotically normally distributed but has an asymptotic 

distribution, then, inequality (4.3) becomes an approximate test. For example, 

if the data model has unit roots, then, cα based on the normal distribution will 

tend to underestimate the true cα. 

 

5. Computing Factors, Factor Models, and Forecasts. 

 

We now discuss computing factors and reducing a VARMA data model of n 

variables to a smaller VARMA significant-factor model of r (≤ n) primary 

weighted variables of interest. In subsection 5.1, we define factors and discuss 

computing significant factors for an in-sample period used to estimate an n-

variable data model. The computed significant factors could be used as observed 

variables to estimate a smaller m+r-variable model of m significant factors and 

r primary variables (m+r ≤ n) for forecasting the primary variables. Stock and 

Watson (2002a-b), Bai and Ng (2002), and others did this using PCD. In 

subsection 5.2, we discuss two steps for reducing an n-variable data model to a 

smaller r-variable factor model. Step 1 reduces the n-variable VARMA model to an 
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"explicit" r-variable state-space form, in which state variables are explicit 

linear combinations of significant factors. Step 2 eliminates the factors and 

reduces the explicit state-space form for r primary variables to an implicit 

VARMA form, in which the factors do not appear explicitly but are implicit in 

the VARMA structure. Section 6 illustrates reductions of 5- and 11-variable data 

models to 1-variable GDP implicit-factor models. 

 

5.1. Computing Factors. 

 

We define the n×1 vector of factors analogously to the approximate factor 

model (Bai and Ng, 2002; Stock and Watson, 2002a-b) by ft = R-1yt. If we compute 

R according to section 3 and test its columns for significance in terms of 

associated vi, then, we obtain Rft = R1f1t + R2f2t, where R = [R1, R2], R1 = [r1, 

..., rm], R2 = [rm+1, ..., rn], ft = ( T
t1f , T

t2f )T, and subscripts 1 and 2, 

respectively, denote significant and insignificant parts. Then, 

 

(5.1)     ft = ⎥
⎦

⎤
⎢
⎣

⎡

t2

t1

f

f
 = R-1yt = ⎥

⎦

⎤
⎢
⎣

⎡
−

−

2
1

1
1

)R(

)R(
yt. 

 

If yt is observed in period t, then, equation (5.1) is feasible. 

Otherwise, if yt has missing values for any reason, because R-1 is generally a 

full matrix with no zero elements, then, no element of ft can generally be 

computed using equation (5.1). However, in such cases, equation (5.1) can be 

made feasible by replacing the missing values of yt with estimates, made using a 

Kalman filter or smoother (Anderson and Moore, 1979) or some other missing-data 

estimation method. 

 

5.2. Computing Explicit and Implicit Factor Models. 

 

We now describe computation of an invertible VARMA representation for the 

weighted variables of primary interest in wt. Zellner and Palm (1974) considered 

similar equations, which they called "final" equations, but only for what we are 

calling data models. 

 We now suppose that significant v1, ..., vm and associated significant R1 

have been determined and describe a method for computing significant-factor 

models in explicit state-space and implicit VARMA forms. Let εt = ( T
t1ε , T

t2ε )T  be 

partitioned conformably with R and ft into m×1 and (n-m)×1 subvectors of 
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significant and insignificant disturbances. We can restate VARMA-data model 

(2.1) as VARMA-factor model 

 

(5.2)     ⎥
⎦

⎤
⎢
⎣

⎡

t2

t1

f

f
 = ⎥

⎦

⎤
⎢
⎣

⎡
−−

−−

212
1

112
1

211
1

111
1

RA)R(RA)R(

RA)R(RA)R(
⎥
⎦

⎤
⎢
⎣

⎡

−

−

1t,2

1t,1

f

f
 + ... + 

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−−

−−

2p2
1

1p2
1

2p1
1

1p1
1

RA)R(RA)R(

RA)R(RA)R(
⎥
⎦

⎤
⎢
⎣

⎡

−

−

pt,2

pt,1

f

f
 

 

        + ⎥
⎦

⎤
⎢
⎣

⎡
ε
ε

t2

t1  + ⎥
⎦

⎤
⎢
⎣

⎡
−−

−−

212
1

112
1

211
1

111
1

RB)R(RB)R(

RB)R(RB)R(
⎥
⎦

⎤
⎢
⎣

⎡
ε
ε

−

−

1t,2

1t,1  + ... + 
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−−

−−

2q2
1

1q2
1

2q1
1

1q1
1

RB)R(RB)R(

RB)R(RB)R(
⎥
⎦

⎤
⎢
⎣

⎡
ε
ε

−

−

qt,2

qt,1 . 

 

where R-1 = [ T
1

1)R( − , T
2

1)R( − )T. 

To see the consequences of treating f2t as insignificant in equation 

(5.2), first, Σξ = 
T
11RR  + T

22RR  implies that WCFD objective (2.6) partitions as 

 

(5.3)     tr[Ω T
i

1h

0i i ΨΣΨ ξ
−

=∑ ] = tr[Ω T
i

T
11

1h

0i i RR ΨΨ∑ −

=
] + tr[Ω T

i
T
22

1h

0i i RR ΨΨ∑ −

=
], 

 

which is equivalent to v = ∑ =

m

1i iv  + ∑ +=

n

1mi iv . Because in equation (5.3) the 

second term is insignificant, in equation (5.2) we can set R2 = 0n×(n-m) and can 

discard the (n-m)×1 bottom subequation for f2t, and in equation (5.5) can 

discard ut as negligible white noise. 

Thus, with f2t and ε2t insignificant and discarded, we reduce VARMA n-

factor model (5.2) to VARMA m-factor model 

 

(5.4)     f1t = 
*
1A f1,t-1 + ... + 

*
pA f1,t-p + ε1t + *

1B ε1,t-1 + ... + *
qB ε1,t-q, 

 

where *
iA  = 1

1)R( − AiR1 for i = 1, ..., p, 
*
jB  = 1

1)R( − BjR1 for j = 1, ..., q, and ε1t 

~ NIID(0,Im). Process (5.4) is stationary if and only if det[Inλp - *
1A λp-1 - ... 

- *
1pA − λ - *

pA ] = 0 implies |λ| < 1 or, equivalently, if and only if the 

eigenvalues of transition matrix F in state equation (5.6) are less than one in 

absolute value. Generally, if m < n factors are significant, then, the data 

models and significant-factor models have different AR and MA roots. 

We now write the wt process in state-space and transfer-function forms. 

First, wt = W∑∞

= −Ψ
0i it,11i εR  + ut, where ut = W∑∞

= −εΨ
0i it,22iR  is considered 

negligible white noise, namely, ut ~ NIID(0,δIr), where δ is a small positive 
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scalar. Setting δ to a positive number rather than to zero promotes accurate 

Kalman-filter computations. Thus, wt has observation equation 

 

(5.5)     wt = Hxt + ut, 

 

in terms of s×1 state vector xt = ( T
t1x , ..., T

tx )T, where H = [WTR1, 0r×m, ..., 

0r×m] is r×s, s = m·max(p,q+1), VARMA process (5.4) implies state equation 

 

(5.6)     xt = Fxt-1 + Gε1t,  F = 

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

⋅⋅⋅⋅

××

×

×

××

mmmm
*

m

mm

mm

mmmmm
*
1

0....0A

I......

0......

.0.

0...0IA

,  G = 

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

*

*
1

m

B

.

.

B

I

, 

 

where *
iA  = 0m×m for i > p, and 

*
iB  = 0m×m for i > q (Ansely and Kohn, 1983). 

 Combining (5.5) and (5.6) and discarding ut yields transfer function 

 

(5.7)     wt = HΦ(L)-1Gε1t, 

 

where Φ(L) = Is - FL. Let λ denote a nonzero complex-valued scalar sufficiently 

close to zero so that Φ(λ) is nonsingular; let φ(λ) = det[Φ(λ)] = 1 - φ1λ - ... 

- φsλs denote the determinant of Φ(λ); and, let Φ*(λ) = φ(λ)Φ(λ)-1 = Is + *
1Φ λ + 

... + *
1s−Φ λs-1 denote the adjoint matrix of Φ(λ). Fadeev's algorithm 

(Gantmacher, 1959, pp. 87-89) computes the real-valued scalar coefficients of 

φ(λ) by iterating on 

 

(5.8)     φi = -tr( *
1i−Φ F)/i, 

 

for i = 1, ..., s, and 

 

(5.9)    *
iΦ  = *

1i−Φ F - φiIs, 

 

for i = 1, ..., s-1, starting with *
0Φ  = Is. 

Transfer function (5.7) implies VARMA(s,s-1) representation 
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(5.10)    φ(L)wt = HΦ*(L)Gε1t, 

 

where HΦ*(L)Gε1t = HGε1t + H *
1Φ Gε1,t-1 + ... + H *

1s−Φ Gε1,t-s+1 and H *
iΦ G are r×m, for r 

≤ m. We want a "standard" VARMA form which has the same number of disturbances 

as variables and whose MA part is invertible. Even if r = m, then, the computed 

MA part of (5.10) may be noninvertible. If there are no unit MA roots, then, 

using matrix spectral factorization (e.g., Zadrozny, 1998, sec. 4, pp. 1366-

1368), we can recompute (5.10) to standard invertible VARMA form 

 

(5.11)    wt = φ1wt-1 + ... + φswt-s + ζt + Θ1ζt-1 + ... + Θs-1ζt-s+1 

 

where φ(L) = 1 - φ1L - ... - φsLs is a scalar polynomial of degree s, Θ(L)ζt = ζt 

+ Θ1ζt-1 + ... + Θs-1ζt-s+1 is an invertible r×r matrix polynomial of degree s-1, 

and ζt is an r×1 disturbance vector ~ NIID(0,Σζ). 

 

6. Application to U.S. Monthly-Quarterly Macroeconomic Data. 

 

6.1. Description of the Data. 

 

 U.S. macroeconomic data from January 1959 to June 2002 were obtained from 

the Conference Board (2002). The data in figures 1-2 are quarterly real GDP, the 

monthly composite coincident index, and 4 monthly coincident indicators 

(employment, personal income, industrial production, and real manufacturing 

sales). The data in figure 1 are standardized logs and the data in figure 2 are 

standardized first differences of logs. Observed quarterly GDP was assigned to 

month 3 of a quarter and treated as missing in months 1-2 of a quarter. Monthly 

variables were differenced over 1 month and GDP was differenced over 1 quarter 

or 3 months. Outliers greater than 3.5 standard deviations were converted to 

missing values. Data which were actually missing or treated as missing are not 

graphed. Thus, with monthly horizontal time axes, GDP is graphed as an 

interrupted line, although this is apparent only in figures 2 and 4. The data 

are graphed for the available 522 months from January 1959 to June 2002. The 

monthly coincident index is graphed for completeness, but was not used. 

The data in figures 3-4 are quarterly real GDP, the monthly composite 

leading index, and 10 leading indicators (average weekly hours, unemployment 

claims, new orders of capital goods, vendor performance, new orders of 

consumption goods, building permits, Standard and Poor's 500 stock index, the 
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money stock in M2 definition, interest on 3-month Treasury bills minus interest 

on 1-year Treasury notes, and the Conference Board's index of consumer 

expectations). The data in figures 3-4 were processed and are displayed as in 

figures 1-2 and for the same period. The monthly leading index is graphed for 

completeness, but was not used. 

 

6.2. Data Models and Forecasts. 

 

 The paper applies WCFD to models estimated using Kalman-filtering-based ML 

(Zadrozny, 1990) and the U.S. macroeconomic data. The models were estimated 

using the monthly-quarterly data at their given sampling rates. Although mixed 

frequencies have nothing per se to do with WCFD, using them makes the 

application more interesting. GDP forecasts are made and evaluated only as a way 

of comparing estimated data models with their WCFD reductions and not in order 

to develop GDP forecasts per se. 

 The data models were estimated using the 401-month in-sample period from 

January 1959 to June 1992. GDP forecasts were made and evaluated for the 120-

month out-of-sample period from July 1992 to June 2002. In the tables, 2
eR  

denotes unadjusted R2; RMSE denotes root mean-squared forecast error; Q denotes 

Ljung-Box Q statistics for testing significant residual serial correlations at 

1-24 monthly lags for the indicators and at 1-8 quarterly lags for GDP; and, p 

denotes p values of the Q statistics. Being based on fewer degrees of freedom, 

the GDP p values are higher per value of Q. |AR| and |MA| denote absolute AR and 

MA roots, with the number of repeated roots in parentheses. 

 

6.3. Factor Models and Forecasts. 

 

In tables c-d "WCFD 1a" means that W = (1,...,1) (all variables weighted 

equally) and no AR roots are filtered out; "WCFD 1b"  means that W = (1,...,1) 

and AR roots with |AR| > .98 are filtered out; "WCFD 2a" means that W = 

(0,...,0,1) (only GDP gets nonzero weight) and no AR roots are filtered out; 

and, "WCFD 2b" means that W = (0,...,0,1) and AR roots with |AR| > .98 are 

filtered out. Finally, m denotes the number of significant vi, hence, the number 

of significant "factors", according to a nonprobabilistic application of the 

test in section 4 (α = 1, cα = 0) and threshold ρ = .05. 

We evalute WCFD in terms of forecast accuracy because a "best" model 

should make the most accurate out-of-sample predictions. Because we are not in a 

forecasting competition, we consider only nonrecursive forecasts based on a 
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fixed data model estimated using the in-sample data from January 1959 to June 

1992. Recursive forecasts are based on repeatedly reestimated models in the out-

of-sample period. 

 

7. Conclusion. 

 

 The paper has developed and illustrated the weighted-covariance factor 

decomposition (WCFD) method for reducing an estimated VARMA-data model, of 

variables of primary interest and secondary variables presumed to affect the 

primary variables, to VARMA-implicit-factor models, of only the primary 

variables, which embody the significant effects of the secondary variables on 

the primary variables. 

 The application's main conclusion is that WCFD can reduce estimated VARMA-

data models of primary GDP and up to 10 secondary indicators to univariate-ARMA 

implicit-factor GDP models which forecast GDP about as accurately as their 

antecedent VARMA-data models. This was demonstrated empirically by Nelson 

(1972), who showed that small univariate-ARMA models can forecast U.S. 

macroeconomic data as accurately or more accurately than large econometric 

models. It is interesting here that the monthly univariate-ARMA GDP models 

forecast GDP almost as accurately as the 5- to 11-variable monthly VARMA-data 

models, yet could not be estimated directly using only the quarterly GDP data in 

monthly form. 
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Figure 1: 

 

Logs of Quarterly Real GDP, Monthly Coincident Index, and 4 

Monthly Coincident Indicators, January 1959 to June 2002 
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Figure 2: 

 

Differenced-Logs of Quarterly Real GDP, the Monthly Coincident 

Index, and 4 Monthly Coincident Indicators, 

January 1959 to June 2002 
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Figure 3: 

 

Logs of Quarterly Real GDP, Monthly Leading Index, and 10 Monthly 

Leading Indicators, January 1959 to June 2002 
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Figure 4: 

 

Differenced-Logs of Quarterly Real GDP, the Monthly Leading Index, 

and 10 Monthly Leading Indicators, January 1959 to June 2002 
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Table 1a-b: 

 

Logs of 4 Monthly Coincident Indicators and Quarterly GDP: 

Estimated VIMA(1,1) Data Model and Its GDP Forecast Accuracy 

 

 

a. Estimated Monthly 5-Variable VIMA(1,1) Data Model 

Using Data for 1959:1 - 1992:6 

Variable CI1 CI2 CI3 CI4 GDP 
2
eR  .992 .991 .988 .989 .973 
Q 170. 26.1 25.7 41.3 17.5 
P .000 .350 .367 .016 .025 

 
|AR| = 1.00(5);  |MA| = 1.00,  .234,  .178,  .108,  .034 

 
 

b. Data Model Monthly GDP Forecast Accuracy 

for 1992:7 - 2002:6 

GDP std. devs.: in-sample .792, out-of-sample .252 

 

Months Ahead of GDP Forecasts RMSE 
1 .009 
2 .015 
3 .018 
6 .034 
12 .066 
18 .098 
24 .130 

Average 1-24 .070 
 
401 in-sample months from January 1959 to June 1992. 
 
120 out-of-sample months from July 1992 to December 2002. 
 
Degrees of freedom = 401 - no. of est. params. = 401 - 40 = 361. 
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Table 1c-d: 

 

Logs of 4 Monthly Coincident Indicators and Quarterly GDP: 

WCFD Derived IMA(1,1) GDP Model and Its Forecast Accuracy 

 

 
c. WCFD of 5-Variable VIMA(1,1) Data Model for h = 12 Months
 
WCFD ϕ1 ϕ2 ϕ3 ϕ4 ϕ5 m 
1a .776 .103 .067 .040 .014 4 
1b .461 .299 .110 .085 .045 4 
2a .991 .009 .000 .000 .000 1 
2b .874 .126 .000 .000 .000 2 

 

d. Monthly IMA(1,1) GDP Model Based on WCFD 2b 

and Its Monthly Forecast Accuracy for 1992:7 - 2002:6 

 

lnGDPt = lnGDPt-1 + ζt + .131⋅ζt-1 

 

σζ = 1.18,  |AR| = 1.00,  |MA| = .131 

 

Months Ahead of GDP Forecasts RMSE 
1 .018 
2 .018 
3 .018 
6 .034 
12 .067 
18 .099 
24 .130 

Average 1-24 .074 
 
WCFD cases: 
 
1a: W = (1, ... , 1) and no AR roots are filtered out; 
 
1b: W = (1, ..., 1) and |AR| AR roots > .98 are filtered out; 
 
2a: W = (0, ..., 0, 1) and no AR roots are filtered out; 
 
2b: W = (0, ..., 0, 1) and no |AR| roots > .98 are filtered out. 
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Table 2a-b: 

 

Logs of 10 Monthly Leading Indicators and Quarterly GDP: 

Estimated VIMA(1,1) Data Model and Its GDP Forecast Accuracy 

 

 

a. Estimated Monthly 11-Variable VIMA(1,1) Data Model 

Using Data for 1959:1 - 1992:6 
Var. LI1 LI2 LI3 LI4 LI5 LI6 LI7 LI8 LI9 LI10 GDP 

2
eR  .841 .964 .975 .883 .950 .935 .990 .989 .908 .932 .968 

Q 31.5 20.0 27.1 25.8 38.3 27.2 36.1 27.2 52.4 38.0 3.65 

P .139 .697 .298 .365 .032 .294 .053 .294 .001 .035 .888 

 
|AR| = 1.00(11) 

 
|MA| = .612(2),  .538(2),  .447,  .436,  .238,  .237, .120,  .145(2) 

 
 

b. Data Model Monthly GDP Forecast Accuracy 

for 1992:7 - 2002:6 

GDP std. devs.: in-sample .792, out-of-sample .252 

 

Months Ahead of GDP Forecasts RMSE 
1 .028 
2 .040 
3 .037 
6 .049 
12 .077 
18 .109 
24 .139 

Average 1-24 .083 
 

401 in-sample months from January 1959 to June 1992. 
 
120 out-of-sample months from July 1992 to December 2002. 
 
Degrees of freedom = 401 - no. of est. params. = 401 - 187 = 214. 
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Table 2c-d: 

 

Logs of 10 Monthly Leading Indicators and Quarterly GDP: 

WCFD Derived IMA(1,1) GDP Model and Its Forecast Accuracy 

 

 
c. WCFD of 11-Variable VIMA(1,1) Model for h = 12 Months 

 
WCFD ϕ1 ϕ2 ϕ3 ϕ4 ϕ5 ϕ6 ϕ7 ϕ8 ϕ9 ϕ10 ϕ11 M 

1a .45 .19 .11 .08 .06 .03 .02 .01 .00 .00 .00 6 
1b .39 .22 .11 .08 .05 .05 .03 .02 .01 .00 .00 7 
2a .94 .05 .00 .00 .00 .00 .00 .00 .00 .00 .00 2 
2b 1.0 .00 .00 .00 .00 .00 .00 .00 .00 .00 .00 1 

 

d. Monthly IMA(1,1) GDP Model Based on WCFD 2a 

and Its Monthly Forecast Accuracy for 1992:7 - 2002:6 

 

lnGDPt = lnGDPt-1 + ζt - .679⋅ζt-1 
 

σζ = .996,  |AR| = 1.00,  |MA| = .679 

 

Months Ahead of GDP 
Forecasts 

RMSE 

1 .035 
2 .035 
3 .035 
6 .052 
12 .085 
18 .117 
24 .148 

Average 1-24 .092 
 
WCFD cases: 
 
1a: W = (1, ... , 1) and no AR roots are filtered out; 
 
1b: W = (1, ..., 1) and |AR| AR roots > .98 are filtered out; 
 
2a: W = (0, ..., 0, 1) and no AR roots are filtered out; 
 
2b: W = (0, ..., 0, 1) and no |AR| roots > .98 are filtered out. 
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Table 3a-b: 

 

Diff-Logs of 4 Monthly Coincident Indicators and Quarterly GDP: 

Estimated VAR(1) Data Model and Its GDP Forecast Accuracy 

 

 

a. Estimated Monthly 5-Variable VAR(1) Data Model 

Using Data for 1959:1 - 1992:6 

Variable CI1 CI2 CI3 CI4 GDP 
2
eR  .349 .195 .154 .156 .554 
Q 23.5 23.4 30.4 57.6 15.3 
p .487 .499 .173 .000 .054 

 
|AR| = .805,  .331,  .145,  .136,  .088 

 
 

b. Data Model Monthly GDP Forecast Accuracy 

for 1992:7 to 2002:6 

GDP std. devs.: in-sample 1.09, out-of-sample .581 

 

Months Ahead of GDP Forecasts RMSE 
1 .557 
2 .569 
3 .635 
6 .636 
12 .640 
18 .636 
24 .635 

Average 1-24 .630 
 

401 in-sample months from January 1959 to June 1992. 
 
120 out-of-sample months from July 1992 to December 2002. 
 
Degrees of freedom = 401 - no. of est. params. = 401 - 40 = 361. 
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Table 3c-d: 

 

Diff-Logs of 4 Monthly Coincident Indicators and Quarterly GDP: 

WCFD Derived ARMA(2,1) GDP Model and Its Forecast Accuracy 

 

 
c. WCFD of 5-Variable Data Model for h = 12 Months 

 
WCFD ϕ1 ϕ2 ϕ3 ϕ4 ϕ5 m 
1a .624 .164 .090 .065 .057 5 
2a .735 .256 .008 .000 .000 2 

 

d. Monthly ARMA(2,1) GDP Model Based on WCFD 2a 

and Its Forecast Accuracy for 1992:7 - 2002:6 

 

ΔlnGDPt = .866⋅ΔlnGDPt-1 - .037⋅ΔlnGDPt-2 + ζt - .328⋅ζt-1 

 

σζ = 1.32,  |AR| = .907,  .041,  |MA| = .328 

 

Months Ahead of GDP Forecasts RMSE 
1 .633 
2 .633 
3 .633 
6 .618 
12 .639 
18 .636 
24 .635 

Average 1-24 .635 
 
WCFD cases: 
 
1a: W = (1, ... , 1) and no AR roots are filtered out; 
 
1b: W = (1, ..., 1) and |AR| AR roots > .98 are filtered out; 
 
2a: W = (0, ..., 0, 1) and no AR roots are filtered out; 
 
2b: W = (0, ..., 0, 1) and no |AR| roots > .98 are filtered out. 
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Table 4a-b: 

 

Diff-Logs of 10 Monthly Leading Indicators and Quarterly GDP: 

Estimated VAR(1) Data Model and Its GDP Forecast Accuracy 

 

 

a. Estimated Monthly 11-Variable VAR(1) Data Model 

Using Data for 1959:1 - 1992:6 

Var. LI1 LI2 LI3 LI4 LI5 LI6 LI7 LI8 LI9 LI10 GDP 
2
eR  .132 .106 .172 .135 .202 .159 .078 .555 .179 .101 .443 

Q 66.6 27.3 51.1 50.4 83.4 36.9 24.5 40.3 41.0 60.9 29.0 

p .000 .293 .001 .001 .000 .045 .431 .020 .017 .000 .000 

 
|AR| = .728(2),  .396,  .342,  .320(2),  .220(2),  .204, .135(2) 

 
 

b. Data Model Monthly GDP Forecast Accuracy 

for 1992:7 - 2002:6 

GDP std. devs.: in-sample 1.09, out-of-sample .581 

 

Months Ahead of GDP Forecasts RMSE 
1 .596 
2 .664 
3 .725 
6 .649 
12 .623 
18 .636 
24 .636 

Average 1-24 .638 
 

401 in-sample months from January 1959 to June 1992. 
 
120 out-of-sample months from July 1992 to December 2002. 
 
Degrees of freedom = 401 - no. of est. params. = 401 - 187 = 214. 
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Table 4c-d: 

 

Diff-Logs of 10 Monthly Leading Indicators and Quarterly GDP: 

WCFD Derived ARMA(2,1) GDP Model and Its Forecast Accuracy 

 

 
c. WCFD of 11-Variable VAR(1) Data Model for h = 12 Months 

 
WCFD ϕ1 ϕ2 ϕ3 ϕ4 ϕ5 ϕ6 ϕ7 ϕ8 ϕ9 ϕ10 ϕ11 m 

1a .258 .163 .104 .080 .074 .065 .062 .057 .055 .047 .035 10 

2a .766 .174 .047 .012 .001 .000 .000 .000 .000 .000 .000 2 

 

d. Monthly ARMA(2,1) GDP Model Based on WCFD 2a 

and Its Monthly Forecast Accuracy for 1992:7 - 2002:6 

 

ΔlnGDPt = .993⋅ΔlnGDPt-1 - .191⋅ΔlnGDPt-2 + ζt - .279⋅ζt-1 

 

σζ = 1.18,  |AR| = .732,  .261,  |MA| = .279 

 

Months Ahead of GDP 
Forecasts 

RMSE 

1 .632 
2 .632 
3 .632 
6 .619 
12 .636 
18 .636 
24 .636 

Average 1-24 .633 
 
WCFD cases: 
 
1a: W = (1, ... , 1) and no AR roots are filtered out; 
 
1b: W = (1, ..., 1) and |AR| AR roots > .98 are filtered out; 
 
2a: W = (0, ..., 0, 1) and no AR roots are filtered out; 
 
2b: W = (0, ..., 0, 1) and no |AR| roots > .98 are filtered out. 
 


