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Abstract

This paper studies the spatial random effects and spatial fixed effects
model. The model includes a Cliff and Ord type spatial lag of the de-
pendent variable as well as a spatially lagged one-way error component
structure, accounting for both heterogeneity and spatial correlation
across units. We discuss instrumental variable estimation under both
the fixed and the random effects specification and propose a spatial
Hausman test which compares these two models accounting for spatial
autocorrelation in the disturbances. We derive the large sample prop-
erties of our estimation procedures and show that the test statistic
is asymptotically chi-square distributed. A small Monte Carlo study
demonstrates that this test works well even in small panels.
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1 Introduction®

The panel literature offers the random effects and the fixed effects model
to account for heterogeneity across units. While the random effects estima-
tor is more efficient than the fixed effects estimator, in many non-spatial
empirical applications the random effects model is rejected in favour of the
fixed effects model. Often there are plausible arguments that the explanatory
variables are correlated with unit specific effects. For example, in earnings
equations unobserved ability of individuals may be reflected in both the unit
specific effects and the explanatory variables such as the years of schooling.
The estimation of gravity equations to model bilateral trade flows is another
important example where the assumptions of the random effects model are
often found to be violated.! It is perfectly sensible that this issue also comes
up in spatial panel models.

This paper contributes to the literature by introducing a spatial gener-
alized methods of moments estimator for panel data models with Cliff and
Ord type spatial autocorrelation and one-way error components. Our work
complements the seminal paper of Kapoor, Kelejian and Prucha (2007) who
provide a spatial generalized least squares (spatial GLS) estimator for the
spatial random effects model. In addition to their work, our model allows for
an endogenous spatial lag of the dependent variable. We discuss the proper
instrumentation of the endogenous spatial lag and suggest an instrumental
variable (IV) procedure for both the spatial within estimator and the spatial
GLS estimator. In order to discriminate between the two spatial panel mod-
els, we also propose a Hausman test that accounts for spatially autocorrelated
disturbances. Specifically, we derive the joint asymptotic distribution of the
spatial GLS and the spatial within estimators, as well as the asymptotic dis-
tribution of the spatial Hausman test for random versus fixed effects. This
test should enable applied researchers to choose between these two models,
when spatial correlation of the endogenous variable and/or the disturbances
is present.

Our paper is not the first that considers spatial within or fixed effects
estimators. Case (1991) seems to be among the first in estimating spatial
random and fixed effects models. Korniotis (2008) introduces a bias-corrected
estimator for a spatial dynamic panel model with fixed effects. Lee and

*We would like to thank Robert Kunst and Ingmar Prucha for helpful comments and
suggestions.
See also the papers cited in Baltagi (2008) for more examples.



Yu (2008) establish the asymptotic properties of quasi-maximum likelihood
estimators for fixed effects spatial autoregressive (SAR) panel data models
with SAR disturbances, where the time periods and/or the number of spatial
units can be finite or large in all combinations except that both are finite
(see also Yu, de Jong and Lee, 2006 and 2007).

In the next section we specify our model and spell out the maintained
assumptions. Section 3 defines the two estimators under consideration and
shows that the random effects and the within estimators are jointly asymp-
totically normally distributed under the random effects assumption. Section
4 introduces the feasible counterparts of the considered estimators based on
an initial instrumental variable estimator. We show that the initial estimator
is consistent and asymptotically normal and derive its asymptotic distribu-
tion. We also demonstrate that the true and feasible estimators have the
same asymptotic distribution. Section 5 defines the spatial Hausman test
that allows to discriminate between the two spatial panel models. It pro-
vides its asymptotic distribution under the null and also shows that the test
statistics diverges in probability under the alternative hypothesis. In Sec-
tion 6 we report the results of Monte Carlo experiments that assess both the
size and the power of the proposed spatial Hausman test in finite samples.
Finally, the last section concludes.

2 The Spatial Panel Model

Consider the following spatial panel model:

N

YieN = A Z Wi NYje,N T X NB + o+ Ui N (2.1)
j=1

Index 7 = 1,.., N denotes the cross-sectional dimension of the panel while
the index ¢ = 1, ..., T refers to the time series dimension of the panel. y;; y is
the (scalar) dependent variable and Z;VZI w;; NY;t,N denotes the spatial lag
of the dependent variable with w;; v being observable non-stochastic spatial
weights. x;; v is a 1 X K — 1 vector of exogenous variables, 3isa K —1 x 1
parameter vector, A a scalar parameters and « refers to the constant. wu; n
is the overall disturbance term.

We allow for cross-sectional sectional correlation of the disturbances and,
in particular, we assume that the disturbances follow a Cliff and Ord type



spatial autocorrelation (SAR(1) in terminology of Anselin, 1988) as proposed
by Kapoor, Kelejian and Prucha (2007):

N

Uit, N = P E Mij NUjt, N + Eit, N, (2.2)
Jj=1

where p is a scalar parameter and m;; y are observable spatial weights (pos-
sibly the same as the weights w;; ). The innovations €;; 5 have the following
one-way error component structure:

Eit,N = M Ny T Vit N- (2.3)

vy, v are independent innovations and 4, y are individual effects, which can
be either fixed or random.

We index all variables by the sample size N, since they form triangular
arrays. This is necessary because the model involves inverses of matrices
whose size depends on N, and hence their elements must change with N.
Thus at the minimum y;; y and w; y are triangular arrays in the present
specification.

We sort the data so that the fast index is ¢ and the slow index is t.
Stacking the model over the N cross-sections for a single period ¢ yields

yin = AWpyin + X nB + aty +uy N, (2.4)
w,y = pMyuny +&n,
EtN = My T VUgN

where ¢y is a (N x 1) vector of ones and

Yi1,N X¢1,N Ut1,N
YinN = : , Xy = : , Wy = : (2.5)
YtN,N XtN,N ULN,N
Et1,N Vi1,N Hin
€N = : , ViN = : s MN = : ;
E¢N,N V¢N,N U N
wi,N "+ WINN mu,N - TUINN
Wy = : : , My = :
WN1,N *°* WNN,N myi,N -t TNNN



Stacking over time periods, we write our model compactly as

yN = Aiyyny + XnB + aenr +uy (2.6)
— Z]\f(s + uy,
uy = pMyuy +ep,

EN = (LT®IN) IJ'N‘I’VN‘

where Wy = (Ir @ Wy), My = (Ir ® My), Zy = (ent,Wnyn, Xn), 6 =
(ar, A\, ,3'),, vy is a T x 1 vector of ones, try is an NT' x 1 vector of ones and

Yi,n X1,N up N
yN = : , Xy = : , uy = : . (2.7)
Y1~ XT,N ur N
€1,N Vi N
EN = y VN =
ET.N vVr N

Throughout we maintain the following basic assumptions, which follow
closely those postulated in Kapoor, Kelejian and Prucha (2007).

Assumption 1
The elements of v are independently and identically distributed with finite
absolute 4 + 6, moments for some 6, > 0. Furthermore, E (v3, ) = 02 > 0.

Assumption 2
The spatial weights collected in My and W are non-stochastic and

(a) myn =0 and wy; y = 0.

(b) The absolute row and column sums of the matrices My, Wy, (Iy — pMpy) 7,

(I — AWy) ™" are uniformly bounded in absolute value, i.e. S| |as;n|
< k < oo, where k does not depend on N (but may depend on para-
meters of the model, i.e. on p or X\, respectively) and a;; y denotes
elements of the above matrices.

(©) |p] < kp < 1/ Amax Mn), |A] < kx < 1/Amax (W), where Apax () de-
notes the largest absolute eigenvalue of a matriz.

(d) The matrices (In — pMy) and (In — AWy ) are non-singular.
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Assumption 3

The exogenous variables collected in Xy are non-stochastic and vary with
both individuals and time. Their elements are uniformly bounded in absolute
value.

Assumption 1 is a restriction on the higher moments of the disturbances
required for asymptotic results. Assumption 2(a) is a typical normalization
(but is not necessary for our asymptotic results). Assumptions 2(b) and (c)
are satisfied in many empirical applications and hold, for example, if the
spatial weights matrices Wy and My are (maximum)-row normalized and
Al < k) <1and |p| <k, <1, respectively. Observe that Assumption 2(d)
follows from 2(c).> Assumptions like 2(b) - 2(d) are typically maintained
in spatial models (see Kelejian and Prucha, 1999) and restrict the extent
of spatial dependence among cross-section units. It will be satisfied if the
spatial weighting matrix is sparse so that each unit possess a limited number
of neighbors, or if the spatial weights decline sufficiently fast in distance.

3 The Estimation of Spatial Panel models

In their seminal paper Kapoor, Kelejian and Prucha (2007) concentrate on
the random effects model, assuming that the explanatory variables and the
unit specific error terms are independent. Yet, in applied work exactly this
assumption often does not hold and a fixed effects specification is employed
instead. Examples in a non-spatial setting, where the unit specific effects
and the explanatory variables may be correlated include earnings equations.
In this setting the unobserved individual ability of an individual is typically
correlated with the years of schooling, which enters the earnings equation
as explanatory variables (see e.g. Baltagi, 2008, p. 79). Also in models ex-
plaining bilateral trade flows, the random effects model is typically rejected
in favour of the fixed effects model to mention another example (see Egger,
2000). In addition, the considered spatial panel model allows for an endoge-
nous spatial lag. First, we analyze the spatial random effects estimator for
this general spatial panel model.

2This follows from Corrolary 5.6.16 in Horn and Johnsonn (1985) using their Lemma
5.6.10.



3.1 The Spatial Random Effects Estimator

Under the random effects specification, the unit specific effects p, 5 are as-
sumed to be random and the following standard assumption is maintained.

Assumption 4 (RE)
The elements of py are independently and identically distributed with finite
absolute 4 + 0, moments for some 0, > 0 and E (i y) = 0% > 0. Fur-

thermore, the elements of py are independent of the process for vy n and
E (p; | Xn) =0 for all i and t.

Under Assumptions 1, 2 and 4 (RE), it follows that the disturbances are
generated as

uy = (INT—pMN)il EN. (31)
Hence, under the random effects specification, the variance covariance matrix
of the disturbances is given by

Qu,N = F (uNu§V) (32)
= (INT — pMN)il [O'i (LTL/T (029 IN) + UI%INT] (INT — pM;V)_l .

It proves to be useful to use the notation o = To? 4 o} and define the
following standard within and between transformation matrices Q; n (i =
0,1):

Qv = (Ir—7Jr) @Iy (3.3)
Qv = 7Ir®1Iy,

where Jp is a T' x T" matrix of unit elements. The matrices Q, 5 are the
standard transformation matrices utilized in the error component literature
but adjusted for the different stacking of the data (compare Kapoor, Kelejian
and Prucha, 2007 and Baltagi, 2008). The matrices Q; y are symmetric and
idempotent and mutually orthogonal. The variance covariance matrix of the
disturbances can then be written as (see Baltagi, 2008, p. 18)

Qun = Iy — My) ' Qe (Inr — pMy) (3.4)

where
Q.y = FE(enely) =02Qon + 01Qun. (3.5)



Furthermore, the inverse of €2, x can then be expressed as
Q. = (Inr — pMn) Q2 (Ing — pMy) (3.6)

where
Qs_zlv =0,°Qon +07°Qin. (3.7)
2

If the parameter values p, 02 and ai (and, therefore, o7) are known, the
efficient GLS estimation procedure is to transform the model by the square

root of the inverse of the variance-covariance matrix of the disturbances
—~1/2 —1/2
o, 0 = 0,97 Anr — ply). (3.8)

This is equivalent to first applying the spatial counterpart of the Cochrane-
Orcutt transformation (Iyr — pMy) that eliminates the spatial correlation
from the disturbances and then the familiar panel GLS transformation JVQ;}\{Q
that accounts of the variance-covariance structure of the innovations induced
by the random effects. To simplify the exposition, we collect the parameters
of the variance covariance matrix in a vector 9 = (p, 02, 0%) and use the no-
tation Q;%Z (1) to explicitly note the dependence of the GLS transformation
on these parameters. Observe that in a balanced panel the order with which
the transformations are applied is irrelevant (see also Remark A1 in Kapoor,
Kelejian and Prucha, 2007).

Since the spatial lag Wyyx is endogenous in the (transformed) model, we
adapt the instrumental variable procedure described in Kelejian and Prucha
(1998).3  Specifically, we first eliminate the spatial correlation eliminated
from the error term using the Cochrane-Orcutt transformation. Then we ap-
ply the instrumental variable procedure for random effects models suggested
by Baltagi and Li (1992), Cornwell, Schmidt and Wyhowsky (1992) and sur-
veyed by Baltagi (2008). These authors show in a non-spatial setting that
the optimal set of instruments for a random effects model with endogenous
variables is comprised of [Qo vXn, Q1 v Xn, tn7]|. Observe that

E[yN] = (INT — )\WN)_l (XNﬁ + OZLNT) (39)

= [Z )\kw%] (XN,B + OZLNT) s
k=0

31t is possible to use other sets of instruments, such as those proposed in Lee (2003) or
Kelejian, Prucha and Yuzefovich (2004).



where W}, = Iy7. Hence under the present assumptions, the ideal set of
instruments is based on

o, (NUNElyn] = 0, N (0) W (XyB+aeyr)  (3.10)
k=0
= Z MN(Qon + 2 Qi)W (XnB + aunr)

k=0
—PZ N (Qowv + Z—:Ql,N)MNWIfVH (XnB + atnr)
k=0

Therefore, the transformed endogenous variable 01,9;%2 () Wyyn is best
instrumented by

HR,N = [HQ7N’HP7N] (3.11)
= [QonGon, QinGin],

where G y contains a subset of the the linearly independent columns of
(X, WXy, Wa X v, My Xy, My Wy Xy, MyWa Xy, ...
and G y contains a subset of the the linearly independent columns of
[Go,n, ent, Myent, MyWnen, My WA LN ... -

The columns in Gy y and G; y must be chosen so that the columns of
Hp v are linearly independent. In the special case where Wy = My the
set of instruments is based on Gy = Xy, WXy, WXy, ...] and Gy =
Gon, tnT, WnenT, .| . If the spatial weighting matrices are row normalized,
the set of instruments in G y includes only ¢z besides Gg n, since in this
case Myeyt = Wyent = LnT.

In the following we assume that the NT' X p matrix of instruments de-
noted by Hp y is of the form described above. In order to derive asymptotic
properties of the considered estimators, we maintain the following additional
assumption for the matrix of instruments and the explanatory variables of
the model collected in Zy = [en7, Wy N, Xy]:

Assumption 5

Let Zy (9) = Q;%Q (9) Zn. The matriz of instruments Hr x has full column
rank and consists of a subset of linearly independent columns of [Qo nGo.n,
Q1.~vG1 n]. Furthermore, it satisfies the following conditions:
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(a) My, p, = limy_o (NT) ™ H, yHr v exists and is finite and non-singular,

(b) My, 7 =plimy_ (NT)™ HQ%7NZN exists and is finite with full column
rank.

The spatial random effects estimator of § = (a, A, 3')" is then defined as
~ -1
Sors = |Zx (0 Zu )] Zy@Fw ), (1)

with Zy (9) = Py, Zy (9), Zy (9) = Q3 (9) Zy and Fy (9) = Q, ¥ (9) yw.
Py, v =Hgn (H’RJ\,HRJV)_1 HY; y is the projection matrix based on the in-
struments Hp n.

The joint asymptotic distribution of the spatial random effects estimator
and the spatial within estimator under known nuisance parameter vector 1
is given in Theorem 1 below. This theorem is based on the random effects
Assumption 4 (RE) and forms the basis of the Hausman test. The asymptotic
properties of this test and its feasible counterparts are given in Theorem 2
in Section 5.

3.2 The Spatial Within Estimator

As an alternative to the random effects assumption above, the spatial within
estimator allows for possible correlation of the unit specific effects and the
explanatory variables. We follow Mundlak (1978) and maintain the following
fixed effects assumption:

Assumption 6 (FE)
The vector individual effects is given by

py = Iy — pMy) Xy + €y,

where ™ # 0(x_1)x1, the N X (K — 1) matriz Xy contains the time averages
of the explanatory variables and is given by

— 1
XN = (?) (L,T ®IN) XN'

Finally, the elements of the N x 1 random vector & satisfy Assumption 4
(RE).

10



We can redefine the innovations of the model under the fixed effect as-
sumption to be

ey = (tr @In) €y + v, (3.13)

i.e. replace the individual effects p,y with only their independent compo-
nent &5. Observe that the fixed effects assumption then implies that the
disturbances of the model are given by

uy = (INT — pMN)_l EN T+ (LT (059 IN>XN7T. (314)

Clearly, the explanatory variables are uncorrelated with the individual effects
if and only if w = 0 and the random effects model defined under Assumption 4
(RE) arises as a special case of the fixed effects model defined under Assump-
tion 6 (FE). Observe that under Assumption 6 (FE) with @ # 0 the spatial
GLS estimator is inconsistent. However, one can apply the within transfor-
mation Qg n to wipe out the individual effects (see e.g. Baltagi, 2008 and
Mundlak 1978). Observe that Qo n (Inr — pMy) = (Inr — pMy) Qon, and
hence one obtains

Qonvuy = (Er®Iy) [P (Ir ® My)uy + (¢r @ Iy) [(IN — pMy) Xy + EN} + VN] ;
= p(IT ® MN) (ET &® IN) uy + (ET ® IN) UN

= p(Ir ® My) Qovuy + QonVn- (3.15)
or
Qonvuy = (Iny— PMN)_1 Qo NN

where Er = (IT — %JT). Hence, one can apply the Cochrane-Orcutt type
transformation on the within transformed model to obtain the fixed effects
generalized least squares (FEGLS) estimator.

More importantly, one can base the method of moment estimator of (p,
02) on the initial within transformed residuals of the initial within estimator
as given by Qo yuy, which are consistently estimated under both the spatial
random effects model and the spatial fixed effects model. Obviously, the
set of instruments denoted by Hg xy now comprises the linear independent
columns of Qo xGo . Since the constant is wiped out in the spatial within
estimator, we define the (N7 x K) matrix Zg v = Qo.n [WnYn, Xn] with the
corresponding (K x 1) parameter vector 8 = (), 3')".

In order to derive the asymptotic properties of the spatial within esti-
mator, we maintain the following additional assumptions for the matrix of
instruments used in the spatial within model:

11



Assumption 7

Let Zgn = Qon [Wyyn,Xn]. The matriz of instruments Hg y has full

column rank and consists of a subset of linearly independent columns of

Qo nGon. Furthermore, it satisfies the following conditions:

(a) Mpu,n, = limy_o (NT )~ Hy yHo v is finite and non-singular with
full column rank.

(b) Mp,z- = plimy_. (NT)_1 Hp v (InT — pMy) Zg N exists and is finite
with full column rank.

Again, treating p as known, we apply the Cochrane-Orcutt type transforma-
tion to the within transformed model yielding:

Qon Inr —pMy)yn = (Inr — pMy) Qonyw (3.16)
= (Int — pMn) QonZon + Qonvn
yn(p) = Zy(p)0+vy,

where
yn(p) = (Int— pMy) Qonyw, (3.17)
Zy (p) = (Inr— pMn)Zgn
vy = Qonvn.

The spatial within estimator is then obtained by applying IV to the trans-
formed model to obtain

B = (2 ()2 ()] 23 (' y" (o). (3.18)
with
Zy (p) = Py, Zy (p) (3.19)

= Py, (Inr — pMy) Zy,

where Py, . = Hon (H’Q’NHQN) - H{, v is the projection matrix based on
the instruments Hg y.

The following theorem establishes our main asymptotic result concern-
ing the common asymptotic distribution of the spatial random effects and
the spatial within estimators under random effects Assumption 4 (RE). The
Hausman test for spatial panels derived below will be based on this re-
sult. Since the random effects estimator includes the constant, we define

—~ ~/ /
0cLs,N = (OéGLS,NﬁGLs,N) .

12



Theorem 1 Let Assumptions 1-5 and 7 hold. Then

\/ﬁ(/é/gLS,N_H)i)N(O [EGLS EGL5:|)

WN — YaLs  Xw

-1
where Xy = o> (M/I‘IQZ*M;JIQHQMHQZ*> and Xgrs 15 the lower-right K X

~1
K block of the matriz o2 <M}-[RZM;I}%HRMHRZ> .

Proof: See the Appendix.

4 Feasible Estimation

The spatial GLS and spatial within estimators defined above are based on
the unknown parameters p, o2 and o7 which have to be estimated. The
feasible estimation procedure starts by estimating the within transformed
model using the instruments Hg v = Qo nvGo n as described above to obtain
initial within IV estimates. This initial estimator is consistent under both
the random effects and the fixed effects specification (see Baltagi, 2008) and
it can be written as

. ~ “1
Orn = |ZonQonZon| ZonQonyn, (4.1)

where ZQ ~ = Pr, vQonZg n- The following proposition gives the asymp-
totic distribution of the initial estimator.

Proposition 1 Let the limit Mp,; = plimy_.. (NT) " Hp, yZqon exist
and be finite with full column rank. Let Assumptions 1-3, 7 and either 4
(RE), or 6 (FE) hold. Then

VNT (@,N _ 9) %4 N(0,%,),

-1
_ 2 ! -1
where Sy = o2 <MHQZMHQHQ MHQZ> .

13



Proof: See the Appendix.

The projected residuals then give consistent initial estimates of Q/O,Fl N
which can be used in the spatial generalized moments (GM) estimator as
suggested by Kapoor, Kelejian and Prucha (2007). These authors use OLS
residuals, which are consistent under the random effects assumption 4 (RE)
but would be biased under the fixed effects assumption 6 (FE). The spa-
tial GM estimator for p,o2 can then be based on the first three moment
conditions given in Kapoor, Kelejian and Prucha (2007).

Using Q; y\My = MyQ; n and the notation €y = Myen, we can formulate
the first three moment conditions in terms of Qo yun as

1 /
N(T-1) ENQO,]\/E:]\/

E | yg—1enQoNEN (4.2)
mglQOo,NEN

v Un Qo (Invr — pMy) (Inr — pMy) Qo.vun
- N(zlq)uﬁon,N (Inr — pMy ) MMy (In — pMy) Qo vun
v U Qo (Inr — pMy) My Iyt — pMy) Qo nuy
B 2
g

v
= | olgtr(MyMy)
0

Under the random effects model, Assumption 4 (RE), we add a fourth mo-
ment condition.

E| %eyQunen | (4.3)
- [ %U‘INQLN (INT - PM/N) (INT - PMN) Q; yuyn ]
2
_= 0'1

With the solution of the first three moment conditions at hand, one can
solve the fourth moment condition to obtain an estimate of o%. Theorem 1
in Kapoor, Kelejian and Prucha (2007, p. 108 ) shows that the estimators
for p, 02 and o? based on these moment conditions and some additional

assumptions (see their Assumption 5) are consistent as long as the initial

estimator @7 n is consistent. Note, that this is the case for the spatial within
estimator under both the Assumption 4 (RE) and Assumption 6 (FE).

14



Proposition 2 demonstrates that the parameters p, 02 and o? are nui-

sance parameters and that the feasible spatial random effects and the feasi-
ble spatial within estimates have the same asymptotic distribution as their
counterparts based on the true values of p, 02 and o?.

Proposition 2 Let the feasible estimators /B\FGL& N and @FW,N be based on
consistent estimators of p, 0%, and o%. Then under Assumptions 1-5 and 7
we have

VNT (/éFGLS,N — aGLS,N) %0,
VNT (8w = Bw) 2 0.

Proof: See the Appendix.

5 Hausman Specification Test

The spatial within estimator is consistent under both the random effects as-
sumption 4 (RE) and the fixed effects assumption 6 (FE) since it wipes out
the unit specific effects by applying the within transformation. The criti-
cal assumption for the validity of the spatial random effects model is that
E (u; n|X ) = 0, implying that the spatial random effects model is inconsis-
tent under the fixed effects Assumption 6 (FE). The Hausman test (Haus-
man, 1978) suggests comparing these two estimators and to test whether the
random effects assumption maintaining F (u; y|Xy) = 0 holds true. The
spatial GLS estimator of the random effects model is more efficient than
the spatial within estimator under the random effects assumption 4 (RE).
Moreover, under Hy : ™ = 0 both considered estimators are consistent, while
under H; : w # 0 the spatial random effects estimator is inconsistent, but
the spatial within estimator is consistent.

The theorem below defines the Hausman test statistic for spatial panels
and provides its asymptotic distribution under the null.

Theorem 2 Under Assumptions 1-5 and 7, we have

(a)
VNT <9(;L5,N - 9W,N> LN 0,3y — X¢Ls)

where Xy — Xqars 1S positive definite.

15



(b)

N N v
Ywn — XeLsN — 2w — XGLs

where
Swn =02 nNT [Zi x (Ine — aMy) Prg o (Int — PaMy) Zow] -

and
~ ~ —~ -1
Sarsn = 7N NT [Z’NQ;%Q (m) R o <0N> zN] ,

~2

. 3 ~ ~2 / . . .
with 9y = (Py. TuN> 0'17N) being some consistent estimator of 9.

(c) Let

. . . r . 1 .
Hy = NT <9FGLS,N - 9FW,N> (EW,N - z3GLS,N> (HFGLS,N - 9FW,N> ,
and

~ ~ / ~ ~
Hy =NT (HGLS,N — OW,N> (B — EGLS)_l (OGLS,N — OW,N) :

H N — Hy 2 0, where Hy is asymptotically x> distributed with K
degrees of freedom.

Proof: See the Appendix.

Given Theorem 2 in Kapoor, Kelejian and Prucha (2007) and the results
in this paper, a feasible estimation and testing procedure can be summa-
rized as follows. First calculate a consistent initial instrumental variables
estimator @; y which ignores the spatial correlation in the disturbances and
wipes out the individual effects using the within transformation. Second, use
the resulting estimated disturbances in a spatial GM procedure as described
in Kapoor, Kelejian and Prucha (2007) and obtain a (consistent) estimator
Iy = (P 3,2/7 N 33 N)/. Third, transform the model by the spatial Cochrane-
Orcutt transformation and then either the within, or the GLS transformation
to obtain the spatial GLS and spatial within estimators @pcrs ny and Opw N.
Finally, calculate the Hausman test statistics i ~ and use it to make a deci-
sion whether the random or fixed effects specification is more appropriate.

16



Under the alternative Assumption 6 (FE) one obtains

-1 _,

Sensy — [EN(z‘})’ZN(ﬂ)} Z (9) Ty () (5.1)
_ 5+ {EN (0) Zn (ﬁ)}_lﬁlv (9) 0, 22
(e ® L) Xy (9) 7 + (60 @ L) €x + v |

where Xy (9) = (Iy — pMy) Xy. On the other hand, the within estimator
remains to be given as

B = [Z3 02 ()] 2 )y () (52)
- 0+ [27\7 (p) Zy (p)}_1 Z3 (p) Qonvw,

and hence is the same as under Hj : m = 0. The following Proposition shows
that the Hausman test statistic is a consistent statistic, i.e., the power of the
test approaches unity as N — oo for an arbitrary significance level of the
test.

Proposition 3 Let Assumptions 1-3 and 5-7 hold and let v > 0 be some
positive constant. Then imy_o. P (Hy > ) = 1.

Proof: See the Appendix

6 Monte Carlo Evidence

The Monte Carlo analysis investigates the small sample properties of the
proposed spatial Hausman test. For this we use a simple spatial panel model
that includes one explanatory variable and a constant:

yit:b’a:it—l—a—l—uit, ’lzl,,N andtzl,...,T. (61)

We set § = 0.5 and o« = 5. The explanatory variable is generated as z;; =
¢; + zie with ¢; ~i.i.d. U[—7.5,7.5] and 2z ~ i.i.d. U[—7.5,7.5] with Ula, b|
denoting the uniform distribution on the interval [a, b]. x; is treated as non-
stochastic variable and it is held fixed in repeated samples. The individual-
specific effects are allowed to be correlated with 7;, setting u; = ;o + 775,
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where 11, is drawn from a normal distribution, i.e. y;, ~ i.7.d. N(0,10¢) and
7 is a constant parameter. This mimics the fixed effects assumption 2(FE)
with 7 # 0. At m = 0 the random effects assumption 4 holds and it forms
the null for the spatial Hausman test. We normalize ji; so that its mean is 0

and its variance 10¢, where ¢ = ﬁa—fggv 0 < ¢ < 1, denotes the proportion of
the total variance due to the presence of the individual-specific effects. For
the remainder error we assume €;; ~ i.i.d. N(0,10(1 — ¢)). This implies that
total the variance of the disturbances is o7, 4+ o2 = 10.

The row normalized spatial weighting matrix uses a regular lattice with
144 and 324 cells, respectively, containing one observation each. The spatial
weighting scheme is based on a rook design, where every unit is surrounded
by four neighbors. The corresponding spatial weighting matrix is maximum-
row normalized following Kelejian and Prucha (2007). We will use the same
spatial weighting matrix to generate both the endogenous spatial lag and the
spatial lag of the error term.

The spatial parameters A and p vary over the set {—0.8,—-0.4,0,0.4,0.8}.
The parameter 7 takes its values in {—0.3, —0.2,—-0.1,0,0.1,0.2,0.3}. Based
on the discussion above we use the instruments Hg v = [Qo nXn, Qo nvWaXn,
Q07NW%VXN]> while HR,N is COIIlpOSGd of [HQ,N, Ql,NXN> Ql,NwNXNa QLNW?VXN,
LNt QuNWNLNT).

In each experiment we calculate the size of the Hausman test, which is
given by the share of rejections at 7 = 0. The power of the spatial Hausman
test is given by the share of rejections at m # 0.

The baseline scenario is reported in Table 1 setting N = 144, T' = 5 and
¢ = 0.5. The results show that the proposed spatial IVGLS estimators work
well and that the spatial Hausman test exhibits good performance for almost
all considered parameter configurations. In the experiments reported in this
Table, the spatial Hausman test comes close to the nominal size of 0.05 in
most of the cases. Exceptions are only observed for high values of A, where
the test is slightly oversized. For example, at A = 0.8 and p = 0.8 the size of
the spatial Hausman test is 0.09. At negative values of p, this phenomenon
is not observed. The power of the test by and large remains unaffected by
variations of p and A, although it seems somewhat lower at high absolute
values of p or high absolute values of .
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A larger cross-section (N = 324) improves both the size and the power of
the test as expected (see Table 2). The size distortion at high positive values
of X is now reduced and the power of the spatial Hausman test is considerably
higher. In Table 3 we extend the time series dimension and set 7" = 10. The
size distortion at high values of A becomes smaller as 7" increases and this
effect seems more pronounced than in an extended cross-section as analyzed
in Table 2. However, the improvement in power is much smaller as compared
to extending the cross-section dimension.

In Table 4 we set N = 144 and ¢ = 0.8, so that o> = 8 and o is 2.
With a larger weight of the variance of the unit specific effects, we observe a
better performance of the spatial Hausman test in terms of its size. The size
distortion observed in the baseline scenario now vanishes. Also, the power of
the test is significantly higher.

Tables 5-7 report the root mean square error (RMSE) and the bias of the
estimators of 3, A and p for the basic case with N =144, T'=5 and 6 = 0.5.
Following Kapoor, Kelejian and Prucha (2007) we define the bias as the
difference between the respective median of the parameter estimate and its

true counterpart, while RMSFE = \/ bias? + (%)2, where 1(Q) is defined as
the interquantile range, i.e. the difference between the 0.75 and 0.25 quantile
of the simulated parameter distribution. Under a normal distribution the
median and the mean coincide and % corresponds to the standard deviation
(up to a rounding error).

The simulation exercises reveal a negligible bias for 5 and a somewhat
higher efficiency of the random effects estimator under Hy. The gain in
efficiency is especially large at high positive values of A and at high absolute
values of p. A similar pattern can be found for the RMSE of A, although the
efficiency loss of the spatial within estimator is much higher as compared to
that for 5. Under H; the random effects estimator is inconsistent, leading
to large biases in both 5 and A. The bias of the slope parameter [ is hardly
affected by different degrees of spatial dependence as represented by the
parameters values of \. However, the bias is negative at low and negative
values of p and turns to the positive if p gets high. With respect to the
estimates of A, we find that the bias is negative if A\ or p take on negative
values, but that it declines in A and/or p. At A = 0.8 or p = 0.8 the
bias nearly vanishes. The results in Table 7 indicate that the estimates of p
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remain unaffected by deviations from Hj as expected. These estimates are
based on the spatial within estimator which is consistent under both H, and
H,.

We also assess the performance of the spatial Hausman test for non-
normal disturbances.! In particular, we follow Kelejian and Prucha (1999)
and assume lognormal remainder disturbances assuming ¢;; = ef/;%ezf , where
&y ~ i.d.d. N(0,1). Alternatively, we maintain that the distribution of the
remainder error exhibits fatter tails than the normal and ¢;; ~ i.i.d t(5). In
both cases the performance of the spatial Hausman test is comparable to
that under normal disturbances. However, under the t(5) error distribution
the power of the test is smaller.

To summarize, the small Monte Carlo study shows that the proposed
spatial Hausman test works well even in small panels. In this spatial setting,
the test is able to detect deviations from the assumption that unobserved
unit effects and the explanatory variables are uncorrelated, which is critical

for the validity of spatial random effects models.

7 Conclusions

In this paper we study spatial random effects and spatial fixed effects mod-
els. We note that in many non-spatial applications the critical assumption
maintained under the random effects specification, namely that unit spe-
cific effects and explanatorily variables are uncorrelated, does not hold. This
seems also a possibility in a spatial setting and should be tested, since the
estimates of spatial random effects are inconsistent if this assumption fails
to hold.

Using a spatial Cliff and Ord type model as analyzed in Kapoor, Kelejian
and Prucha (2007) but augmented by an endogenous spatial lag, we intro-
duce (feasible) instrumental variables estimators for both the spatial random
effects model and a spatial fixed effects model. We derive the asymptotic
distributions of these estimators as well as those of their feasible counter-
parts. In addition, we propose a spatial Hausman test to compare these two
models, accounting for spatial autocorrelation in the disturbances. A small
Monte Carlo study shows that this test works well even in small panels.

4The corresponding tables are available from the authors upon request.

20



A Appendix

Proof of Theorem 1:
We denote the (T'+ 1) N x 1 vector of i.i.d.(0,1) innovations as ¢, =

! !/ /
<“—N V—N> and we write the stacked estimators as®

ou’ oy
( oy ) = PyFxcy. (A1)
where B
(T el ) e ()
with
Pry = [Z’NHR,N (HANHR,N)*H;Q,NZN} - (A.2)
Z\Hpy (Hy Hey)
Poy = [*Q/,NHQ,N (Hy xHow)  Hy *Q,NT
Z3 yHon (Hy vHow)
and
Fuyx = 0,0, Hp Q0 (er @ 1Iy) (A.3)
= o, Hpy (%Ql,N—FQo,N) (er ®1Iy),
Fron = o2Hp Qo)
= o, Hyy <Z_:Q1,N + QO,N) ;
Fon = UuH,Q,NQo,N-

By Assumptions (5) and (7) it follows that the sequence of the stochastic
matrices (NT') P n and (NT) Pg v converge in probability, i.e.

~ -1
(NT) Py & [ My, Myt My 2| My MG, (A4)

. -1
(NT)Pon & [M}{Qz*M;{gHQMHQZ*} Hoz" Mg 1y

®We have used the properties of the Qo y and Qi y transformation matrices (see, e.g.

Baltagi, 2008 and Kapoor, Kelejian and Prucha, 2007, Remark Al). In particular we have

—1/2 — -1
QE,N/ = UulQl,N +04 QO,N~
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Next we apply the central limit theorem for vectors of triangular arrays

given in Theorem Al in Mutl (2006) to (NT)_% Fx(¢y. By Assumptions 1
and 4, the vector of random variables ¢, satisfies the assumptions of the
central limit theorem. Observe that the matrix Fy is non-stochastic and
that Assumptions 2, 3 and 5 imply that the row and column sums of Fy are
uniformly bounded in absolute value. Hence, it remains to be demonstrated
that the matrix (NT) ™' FyF’y has eigenvalues uniformly bounded away from
Zero.
One can show that®

FaFs) = ot

(p+29) x (p+2q)

Hy yvHr HﬁNHQN) (A.6)

onHry HpyHon
o Hky O Iy Iny \ ( Hey O
v 0 ON Int InT 0 Hgwn

(NT) " Ain (FNFYy) > min [(NT) ™ Apin (H yHew) s (NT) ™ A (H yHo ) |

')\min |:< INT INT ):| . (A?)
INT INT

Int InT )
Inr Int
are symmetric. By Assumptions (3.11) and (7) the first two matrices have
full rank p 4+ ¢ and ¢, respectively. Note that the third matrix has trivially
full rank as well. Hence, (NT)™ ' Amin (FxFYy) is uniformly bounded away
from zero. Therefore, by the central limit theorem it follows that”

and hence

Observe that (NT)_1 H}, yvHp v and (NT)_1 H{ yHg v and

— d. .
NT V2R ¢ 5 N(O, lim +=FNFy). (A.8)

®Recall that the (NT x ¢) matrix of within transformed instruments Hg v = Qo nGo n
has full column rank ¢ and that Qo nNHg v = Hg, n. Furthermore, Hg v = [Hp v, Hg n],

where Hp y = Qi vG1 ny with dimension (NT x p) and full column rank p. Since
Qo,nQ1,n =0, it follows that
Hy yQonvHony = HyyHow (A.5)

G o (i)
= ? ’ H = pxq .
< Gy v Qon Qo.vHo.x Hy vHon

"Note that it can be demonstrated that limy o, (NT)” " FyF/y exists.
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From Assumptions (3.11) and (7) we also have

(NT)E [ OgEsy =0} 4 v ), (A.9)
OwnN — 6

where A = plimy_ (NT) PyFyF,P)y. Fairly straightforward calculation

shows that A A
A= 1 A10
(a2 (A-10)

with
-1 2
o 1 N Thcrs XaGrs

Ay = oy (MHRZMHRHRMHRZ) - X crs  Dars > (A.11)

_ 170 Y cLs
R N I £
2 Hnfin 2 e ) (ernyxr Yars
-1
AQQ = 0'12/ <M}IQZ*M17{2HQMHQZ*) IEW

We have ordered the elements of the vector of parameters d such that the first
element is the constant so that the asymptotic variance-covariance matrix of
the stacked estimators becomes

2
OaGLS 20,GLS 2a,GLS

A=| Y, crs Ycers Xors |, (A.12)
Yiors Bors  Zw

and hence
QGLSN — @ . Oi,GLS Y0,GLS 2a,GLS
VNT [ Bersw—0 | N[0, &are Sers  Sers | |- (A13)
Own —0 Y.crs Xers  Xw

Proof of Proposition 1:

Inspection of the proof of Theorem 1 above reveals that it remains valid
after replacing @, x with 67 5 and Assumption 6(b) with the one made in the
proposition. It then trivially implies the claim under Assumption 4 (RE). Tt
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thus remains to be shown that the initial estimator converges in distribution
under the Assumption 6 (FE). Note that we have

-1

O -0 = |ZpnHon (HyxHow) " HyyZox (A.14)
'ZIQNHQ,N (H,Q,NHQ,N>_1 H/Q,NQO,NVN
= PQ,NH,QNQO,NVN'

Given Assumption 7 and the condition in the proposition, it follows that
- —1
p. 1 _
(NT)Poy [M'HQZMHQHQMHQZ} MYy, My 4 and

(NT') Anin (H'Q7NQ07NQ67NH'Q7N) = (NT) Min (HQyNH'QN) , (A.15)

which is uniformly bounded away from zero. Given Assumption 1, the condi-
tions of Theorem A1l in Mutl (2006) are satisfied and in light of Assumption
7(a), we have the desired result.

Proof of Proposition 2:

The proof follows closely the proof of Theorem 4, part 2 in Kapoor,
Kelejian and Prucha (2007) and Theorem 3 in Mutl (2006). In particular, it
will be sufficient to show that (see e.g. Schmidt, 1976)

Agiy = (NT)™ {EN (5)'% (5) — 7o () Zn (19)} 7,0/ (A.16)

Awix = (NT) 23 G) 23 () — Zis () Ziy ()] 2> 0,

and

~/
~ ~

Agan = (NT) ™2 (EN (@) Uy (19)—ZN(19)GN (19))&0(}\.17)
Awan = (NI (Zi () 0 () = Zi (o) w* () 20,

where ¥ and 7 are (any) consistent estimators of ¥ and p. Note that
ZN (’5) = PHRA,NZN (’5) and 27\7 (’5) = PHQ,NZ?V <’l/§>, where

Zx (?9) = 5,017 (Lyr — PMy) Zy (A.18)

oy
= (QI,N + 3_1Q0’N> (InT — PMy) Zn,

24



and

A (@) = Qo (Iny — PMy) Zy. (A.19)
Hence

Acin (A.20)

oy
= &F 27\ My (Ql N + Qo N) Pup (Ql,N + a—QO,N) Zy
1
-5 v 8,}
+EELy (Ql,N + &\_QO,N> Pry, <Q1,N + E_QO,N> MyZy
1 1

— 81/ 81/
—I—p p Z\My (Ql,N + a\__QQN) Puy (Ql,N + 6_\_QO,N) MnZn
1 1

Q)‘t)

G'U v

Z/ (Iny — My) QonPry v Quy Ine — pMy) Zy

+ A7 (Ive — pMy) QunPry v Qon Ine — pMy) Zy

a% o%

52 o2
+ - Zy (Inr — pMy) QonPry, v Qov (Int — pMy) Zy =

~ ~ ~2
5 oy oy o
% <Z§VAG1,NZN + E_Z{]VAGQ,NZN + b_\_Z/NAG?»,NZN + ?ZINAG&NZN)
1 1 1
7 = 52
+5F (Z, cinLy + Z’ Go.NLN + ZI GaNLN + VZ/ G4 NZN)
1
~2

_ 2 3,, 8',, g,
(Z/NAG5,NZN + a\_ZINAGG,NZN + 6_\_Z§VAG7,NZN + =5 ;VAG&NZN>
1 1

01

C’V

q)‘y

33 0',2/
L7 AcionZ
NT G10,N&N
where
Acin = MyQinPr, ,Quin, (A.21)
Ay = MyQinPr, Qo
Agsn = MyQonPr, ,Qin,
Acgsn = MyQonPr, Qo
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!
Agsny = MyQinPrg, Qi My,

!

Agsny = MyQi NPy, QonMy,
!

Acin = MyQonPr, yQinMy,
!

Acsny = MyQonPry yQonMy,

Agon = (Iny — pMy) QonPry v Qi (Iny — pMy),
Acion = (Inr — My) QonPry, v Qon (Iny — pMy)

Analogically,

Apin = (p=0)(NT) " ZyMyPrgy  Zn (A.22)
+(p = D) (NT) " Zy Py MyZy
+ (7" = p?) (NT) ' Z\My P, JMNZy

=(p—p) (NT)™" (ZyAwiNZN + Z?vAém,NZN)‘F(ﬁQ - r’) (NT)™ Ziy Aws N2y,

where

Apyin = MyPp, ., (A.23)

Aywon = MyPp, My.

In light of Assumptions 2, 5 and 7 the row and column sums of the matrices

Aci v and Ay ; v are uniformly bounded in absolute value. By Lemma C3 in

Mutl (2006) we then have that (NT) ™' Xy Ag v Xy, (NT) " X AwinXn,

(NT) "'ty Aginen and (NT) " /y Ay ey have elements uniformly bounded
in absolute value. Furthermore, by Lemma B2 in Mutl (2006), using Assump-

tions 1, 2 and 4, the elements of uy have uniformly bounded 4 —th moments.

Therefore, the variance of (N T)f1 uyAgi yuy is uniformly bounded in ab-

solute value. Recall that Zy = (Wyyn, Xn,ty), where the solution of the

model yields yy = (Inr — )wa)_1 (XnB + atyr + uy). We thus have that

the elements of

(NT) > E(ZyAciNZNZNAcinZy),

and
(NT)? E(ZyAwi NZNZ\AvwinZy)

are uniformly bounded in absolute value. Since p, 7,, and &, are consistent
estimators, it follows that Agy n 25 0 and Awin 20 as N — oo.
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Next we use similar derivations to obtain
Agan = (A.24)

- 5 ~2
o,

(TV%)% (ZNAGI Nun + = ZNAcz NUun + ZNAG3 Nuy + 52 ZNAG4 NuN)
1 1

o A2

+W (Z/ 1N11N+ 5 —Zy G2 NUN ‘|' Z/ AGS NUN T+ = VZ/ G4NuN)

—

- > ~2

~2 2 Ty

+—]PVT)§/2 (ZNAg5 Ny F 22 =~ ZyAgs nun + 22 = ZyAgrnuy + =5 =2 s ZnAcs, NuN)
01 01 1

)

Ov

U

+(NT)1/2 (Zy Aconuy + Ziy Ay yuy)

52 o2

a\—% — _V
+WZ NAcio, NN,

and
Ayony = (NT)1/2 (ZNAW1 Nuy + Z Al NuN) (A.25)
~2
+ 2 o Zy Ay nuy,

(NT)UQ

where ZN = (WNyN, XN> I,N), with YN = (INT — )\WN)il (XN,B + aLtnT + uN).
Observe that since the matrices Ag; y and Ay ; v, as well as the vectors Xy
and ¢y are non-stochastic. We have that

E[(NT)_WHX’NAGLNuN_ = 0, (A.26)
E [(NT)—”2 atyrAcivuy| = 0,

B [(NT) By (Lr = i) Wy Agiauy] = 0,

E [(NT)’I/Z atlyr (Iyr — Niy) " WyAgyuy| = 0,
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E [(NT)—”2 BX\Awinuy]| = 0,
E

[(NT)_l/QOzL'NTAWquN- — 0,
E [(NT)*” 23X (Iyr — Ny) WAy, vuy| = 0,
E [(NT)—” 2 by (Iyr — AWy) " AyyaWyuy| = 0.
and
E [(NT)—” 2wy (Lvr — AWy) " Wy A vy (A.27)
= ﬁtr [(INT — W) T Wy Ay (I — AMy) ™ Qo (Iyz — AMgv)’l}
+ atr [<1NT — ) T W AGiy (Tvr — AMy) " Quy (Iyr — AMQV)—I} :
E [(NT 2wy (Iyr — AWy) " Wy Ay vy (A.28)
2

N (NT)1/2 (NT)™ 4 [(INT — Xy) " Wy A (Ivr — AMy) ™ Qo (Tnr — >\M/N)_1]

o (NT) ™2t | Ty = M)~ Wy Ay (g = AMy) ™ Qu (T = Ay) ™|

which by Assumptions 2, 5 and 7 are uniformly bounded in absolute value.
Therefore, the elements of £ [(NT)_l/2 Z’NAGj,NuN] ,and E [(]VT)_l/2 ZQVAWjﬁNuN}
are uniformly bounded in absolute value.

Next consider the corresponding variance covariance matrices:

(NT)™' B'XyAgi nQunAG GiNXNB, (A.29)

(NT) ' o LNTAGZNQU NAGZNLNT,

(NT) ™' B'Xy (I — AWy) ™ Wy Agy vQu v Al pWy (Ivr — Xiy) ™ Xy,

(NT) ™ oty (Inr — AWy) ™ Wy Agi v nA L xWy (Tye — My) ™ enr,
and

(NT)™' B XN Awj v QuvAly; v XN B,

(NT) '« LNTAWJNQU NAW] NUNT,

(NT)™' B'X'y (Ing — AWly)~ wNAW] NN Al Wy (Ive — Aiy) ™ Xy,

(NT) ™ oty (Inr — AWy) ™ Wy Ay v v Ay pWy (Ive — Aiy) ™ ey
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Finally, the two remaining scalar variances are given by
(NT)_l FE [u’N (INT — )\W?V)il w/NAGi,NwN (INT — )\WN)_l uNuQV
(INT — )\WEV)il w/NAGi,NwN (INT — )\WN)_l uN]

= (NT) B (tr | (Tyr = AMy) ™ (g = W) ™ Wy Ay

1

Wy (Iny — MNiy) ™ Iy — MMy) " enely (Iny — AMy) ™' (Tng — AWy) ™ Wy
AginWy (Inr — Aiy) ™ (Ine — My) " enely])
= (NT)_I E(tr [Bl,Gi,N5N5§VB2,Gi,N€N5§V]) , (A.30)
and
(NT)™' E [ugv (It — AWhy) " Wy Agys iy (v — Ay) ! unddy
(Tnr — AWy) T Wy A nWy (Iyy — AWy) ' uy (A.31)

= (NT)_l FE (t?” [Bl,Wj,NENE/NBQ,Wj,NENE/N}) s

where the B matrices are products of A, Wy, Wy, (In7 — )\WN)fl, and (Inr — )\W§V)71

matrices and hence by Assumptions 2, 5 and 7 have row and column sums
uniformly bounded in absolute value. Hence the row and column sums of the
variance covariance matrices are uniformly bounded in absolute value and,

therefore, £ [(NT)*”2 ZINAG]-7NUN} — Op(1),and E [(NT)*”2 7/ Ay, yuy| =
Op (1). Thus Aga N 20 and Awa N 2,0 as N — o0, since p, 0., and o are

consistent estimators.

Proof of Theorem 2 R R
Part (a): From Theorem 1 it follows that v NT (OGL&N — 0W7N> 4N (0, W),

where

U = (I, —Ig) XoLs HoLs A O S (A.32)
Yors  Yw —Ig

To show that Xy — X 1g is positive definite, recall that

) . w1
Sw o= o2 lim [NT (Z Py, o Zy) ] (A.33)
~ ~ -1
Yo = o, (OKthK)A}iECl)O [NT (ZINPHR,NZN) :|'(OK><17IK)/~
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Since the instrument sets are given by Hgy = QonGon, and Hry =
[Hq n, Hpy] one can show that Py, , = Pu,, , +Ph, , and hence denoting

Sen = ZyPu, yZn, we have

Sr.N11 SrN21

SrN =
’ SrN12 SrN22

where

Srnit = tyrAly (Prgy + ¢2PHP,N) AntnT (A.34)
SraNiz = SIR,N,21 = (Wyyw, XN)/A/N (PHQ,N + ¢2PHP,N) Ayxiyr
(Wyyn, Xn) Ay (Pagy + ¢°Ph,y ) Ax (Wnyn, Xn),

Sr.N,22

with Ay = Iyr — pMy and ¢ = 22, We are interested in the lower-right

o1

K x K block of the inverse of Sg y which we denote by S%f n- Using the
formula for partitioned inverses (see e.g. section 0.7.3 in Horn and Johnson,
1985) yields after some manipulation

-1

S?N = (SR,N,22 - SR,N,le]_%}NJlSR,N,lZ) (A.35)

= {(Wnyn, Xn) AyPu,  An (Wnyn, Xy)
+¢” (Wyyn, Xn) AP, [INT — AnInrAly (’JQVTAINANLNT)_I] .
Po,  Ax (Wyyn, XN)}_l -
Defining Sq v = ZyPu, yZ} we have
Son = (Wyyn, Xy)' APy, yAn (Wyyn, Xy),
so that

PARE -1 22 : -1 -1
EW—EGLS:O_VALEHOONT (SQ,N_SR,N) :]\}EONT (CN — (CN+DN) )

(A.36)

where
CN == (wNyN,XN)' A;VPHQ,NAN (wNyN,XN) (A?)?)
Dy = ¢ (Wyyn, Xn) AyPu, [INT — AnJnrAly (LINTA/NAN”NT)il] :
Pu, v Ax (Wyyn, Xn) (A.38)
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Using Greene (2003, p. 822) it follows that

1

(Cy +Dy) ' =Cy' - Ct (D + C) ™ G (A.39)

and hence
Yy — Bars = 0> lim (C;Vl (DY + C;)‘1 C;) , (A.40)

which is clearly positive definite.
Part (b): This follows directly from Proposition 2.

Part (c): Since Y = (P 812,7 N Ei N), is a consistent estimator, it follows that

Zy x (Int — pyMy) Ho v — Zg v (Ing — pMy) Hov 5 0, (A.41)
Zi 2,5 () By = Z Q57 (9) Hi 2 0.
The claim in the Theorem then follows from Assumptions 5 and 7.
Part (d): Hy — Hy % 0 is a direct consequence of (a), (b) and (c). Given
Theorem 1, the (true) Hausman test statistics Hy is a asymptotically dis-

tributed as a quadratic form of normally distributed random variables and,
hence, it has an asymptotic y? distribution.

Proof of Proposition 3:

We denote by 52; sy and 4/9\IGLS7 y the algebraic expressions for the GLS
estimators under the null and alternative hypothesis respectively (i.e. when
uy is given by either Assumption 4, or 6). Analogically, we denote the alge-
braic expressions for the Hausman test statistics under the two hypotheses
by HY and Hj,. We then have:

Hy = NT (510L5,N - EW,N>, (Sw — Sars) <510L5,N - EI/V,NXA-42)
= HY + NTey (Sw - Sars) ™ [ew = 2 (s — Buw )|
where
ex = (01, Ti) [ 2P, 21 TP (@ Ty Xy (9) 7. (Ad3)

Observe that Assumption 6 contains the random effects assumption for the
independent component of the individual effects. Therefore, by Theorem 2,
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we have HY % 2 (K) and (NT) ™/ (62LS’N - EW,N) 4N (0, Sw — Sors).

~0 ~
Thus also plimy_,q <9GLS’N - BV[/"N) = 0. Furthermore, since Hp y =

[Ho n, Hp n], it follows from Assumption 5 that probability limit of ¢, exists
and is finite, say plimy_., ¢y = c. Therefore

HYy = HY+NTey (Sw — Sars) ' en — 2NTely (Sw — Sars) " (Bessy — 0w )
— HY 1+ NTC (S — Sars) ¢ — 2VNTCy (S — Sars) VNT (52LS’N - §WN)
— 0, (VNT) + NT¢ (S — Bas) "¢ = 2VNT [ + 0, (1] (Bw — Zas) ™ 0, (1)
= 0, (VNT) + NT (S — Sars) " ¢ +VNTo, (1) (A.44)
= NTd (2w — ZGLS)_l c+o, (\/ﬁ) .

Therefore, for any v > 0, we have

lim P (Hy >~v)=1.

N—oo
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