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Abstract
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the number of factors and lag order in a dynamic factor model, which
is based on canonical correlations and related to entropy and Kullback-
Leibler numbers. The testing procedure is used to cast the dynamic
factor model in state-space form. We apply the proposed framework
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1 Introduction

A widely used method to analyse large quantities of data in the social sci-
ences is factor analysis, in which the variation in a large number of observed
variables is described in fewer unobserved variables, or movements in a large
number of series are driven by a limited set of common ‘factors’. In recent
years large dimensional factor models have become more and more popular
in econometric research too. For an overview of recent developments see Bai
and Ng (2008). Especially dynamic factors models, one of research agenda
items of Prof. Manfred Deistler (see e.g. Hamann, Deistler and Scherrer
(2005) and Deistler and Zinner (2007)), in which the factors may enter the
model with leads and lags, are widely applied. One of the issues in factor
analysis is the determination of the number of unobserved variables to retain,
i.e. the number of factors. Recently many studies have proposed solutions
and consistent estimators using different factor model and distributional as-
sumptions. See e.g. Connor and Korajezyk (1993); Bai and Ng (2002, 2007),
Amengual and Watson (2007), Kapetanios (2005), Hallin, and Liska (2007)
Jacobs and Otter (2008), and Onatski (2009).

In this paper we cast a dynamic factor model in state-space form and
apply the Kalman filter for estimation and prediction. This approach has
been around for some time—early examples are Otter (1981) and Molenaar
(1985)—but has recently been reintroduced by Kapetanios and Marcellino
(2006), Doz, Giannone and Reichlin2007, Jungbacker and Koopman (2008),
and Aruoba, Diebold and Scotti (2009). To convert the dynamic factor model

into state-space from one needs to know the number of factors and the lag or-



der. The formal test of Jacobs and Otter (2008), which is based on canonical
correlations and related to entropy and Kullback-Leibler numbers, is espe-
cially handy in this respect. Autocovariances are computed for increasing
lag parameters, and analysed through singular value decompositions (SVD);
the optimal lag is determined at p if the rank of the canonical correlation
matrix of the SVD of the (p — 1)th autocovariance differs from zero whereas
the rank of the pth autovariance is equal to zero.

Factor models are quite common in financial econometrics, see e.g. Deistler
and Hamann (2005). We apply the proposed framework to daily U.S. term
structure data. In modeling yields, the Nelson and Siegel (1987) functional
form, which is a convenient and parsimonious three-component exponential
approximation, is often used. See for example Bolder and Streblinski (1999),
Diebold and Li (2006), Diebold, Li and Yue (2008). Three latent dynamic
factors are distinguished, which are called long-term, short-term and medium
term or interpreted in terms of level, slope and curvature. The three factors
are typically set a priori, and not obtained from first principles. However,
Bliss (1997) finds three factors using statistical factor analysis, while recently
Bekker and Bouwman (2009) identify and estimate three factors starting
from an arbitrage-free model for risk-free interest rates with capital market
maturities, where the parameters have a clear economic interpretation.

Unfortunately, the Jacobs-Otter (2008) testing procedure does not work
for the daily U.S. term structure data. The yield curve has (almost) the
same shape in terms of level, slope, and curvature for all periods, so the
observations are strongly correlated at all lags, causing our test to break

down. A possible explanation might be the high frequency of the data set;



daily data contain a lot of noise. Instead we determined the number of factors
k on the basis of prediction errors of one-step ahead yield curve predictions
calculated by the Kalman filter in an estimated State-Space model and found
that k = 4 was superior to the generally obtained k£ = 3 factors.

The remainder of the paper is structured as follows. Section 2 describes
the dynamic factor model, the state-space model and the Kalman filter. Sec-
tion 3 summarizes the estimation procedure of Jacobs and Otter (2008) for
the number of factors and lags, and other estimation issues of the state-space

model, while Section 4 shows the application. Section 5 concludes.

2 Method

2.1 The dynamic factor model

Let x; be an N-dimensional vector of observed data at time ¢, t =1,...,T,
which is driven by ¢ dynamic factors u, with loadings B; up to lag p, i.e.

7 =1,...,p, and idiosyncratic components &,

Ty = Bgut + Bl'u,t_l + ...+ Bput_p + &;. (].)

Equation (1) is the (dynamic) factor representation of the data. Note that

factors, loadings and idiosyncratic components are not observable. In vector



notation the model becomes

Ui
wt:(BO Bl Bp> ] +€tEBE+€t. (2)

We make the following assumptions. First, the g-dimensional vector of fac-
tors u; is Gaussian White Noise (GWN) with E(u,) = 0 and var(u;) = I,
the g-dimensional identity matrix. Secondly, the idiosyncratic components
g is GWN with E(e;) = 0 and var(e;) = V and factors u; and idiosyncratic
components &; are independent. This assumptions imply that the general-
ized dynamic factor model of Forni, Hallin, Lippi and Reichlin (2000a) and
Forni and Lippi (2001), which allows some correlation among idiosyncratic
components, can be dealt with too. Thirdly, the matrix of loadings B has
full (column-)rank, i.e. rank(B) = (p+ 1)¢ with £k = (p + 1)¢ < N; this

implies F, € RF,

2.2 The State-Space (SS) model and the Kalman filter

The dynamic factor model of Equation (2) can be written in state-space form

with F} as state vector in the following way

E = AE_l + G’UJt (3)

wt:BE_‘_etv (4)



0 0 0
I, ... 0 0

where A = , APt = 0 (nilpotent), G’ = {Iq 0 ... 017
0 ... I, 0

G € R¥4 w, ~ GWN(0,I,), and &, ~ GWN(0, V2).
Now we can set the Kalman filter to work. The initial estimate of the

state vector is Fly = 0 with variance Vi, = I, with one-step ahead prediction

Ftﬂlt = AF,. The a priori variance is equal to Vﬁ‘m = AVp A+ GG’ = Ii.

\
The Kalman filter algorithm gives F;t+1 = FA}HM—FKHI pe;. 1, with prediction-
eITOr Peyy| = Ty — Lyy1)e, Where Ty = BEH. The gain algorithm yields

-1
K, 1=V B |BVz B +V.| and we obtain the a posteriori variance

Fi 1 Fit1

Vi

t+1

= (I — Kt+1B)V1;-,tH.
The steady-state filter converges to VFM — Vi where Ft+1\t = AE|t_1+
AK (z; — Zyp—1) with gain: K = ViB’ [BVFB’—FVST1 and variance:

Vﬁ =A [VF — KBVIa] A+ GG .

3 Estimation

3.1 The number of lags and dynamic factors'

Jacobs and Otter (2008) give a procedure to estimate the number of lags p
and the number of dynamic factors ¢ in the dynamic factor model of Equa-

tion (1). First the N components of the data matrix x; are demeaned and

!This section draws upon Jacobs and Otter (2008).



unit variances are taken, which produce @;. Let

T
~ 1 o ]
I, = T E xx, ;, 1=0,1,2,...
be a consistent estimate of the autocovariances I';. Assuming that rank(f‘o)

has full rank N, we can apply the spectral decomposition
= CA'2AV2C' = Iy/2(1)?Y, (5)
with fo_l/Q = A7Y2C" and the Singular Value Decomposition (SVD)
ﬁo_l/Qﬂ(ﬁo_l/Q), = H;S5,Q; (6)

where the columns of H and @ are orthogonal, i.e. H/H; = H;H = Iy and
Q.Q;, = Q,Q, = Iy, and S; = diag(s;1,Si2,...,8.n), an N x N diagonal
matrix with singular values s;; € [0,1] and s;1 > 5,2 > ... > s; 5y > 0. The
canonical correlation coefficients (singular values) s;; are estimates of the
equivalent population canonical coefficients p; ;, see Otter (1990, 1991).

To test the null hypothesis that the N — k smallest population canonical
coefficients for the ith autocovariance are equal to zero Hy : pjpy1 = ... =

pin = 0, we calculate Bartlett’s test statistic

e {T__QNH]ZM_S (7)

j=k+1

for all values of k = 0,1,2,.... This statistic follows a x? distribution under

the null with degrees of freedom df = (N — k).



The procedure essentially comes down to the linear transformation of
x; and x;_; into canonical vectors y; = A;x; and y;,_;, = G;x,_; with A; =
H{IA’O_I/2 and G; = Qifo_l/Q with E(yy;_;) = S; and unit variance matrices.
The conditional variance of y; given y; ; equals (Iy — S?) . From Equation
(2) and the normalisation we have I} = D™'/2BWB'D~/? where D =
diag(c?, ....,0%) with the variances of the components of x; as elements.
The N x (p + 1)q dimensional matrix B" = (B; By, ... B, 0 ... 0) has
rank (p+1—1)q and hence the rank of I; is (p+1—1)q for lags i = 1, .., p and
zero for lags greater than p. The ranks of I'; are estimated by the number of
significant singular values using Bartlett’s test statistic as follows.

If for a given significance level the hypothesis that all population canonical
coefficients for the (p + i)th autocovariance (i > 0) are equal to zero, i.e.
Hy : ppyin = ppriz = ... = ppriny = 0, is accepted whereas the hypothesis
that all population canonical coefficients for the (p)th autocovariance are
equal to zero, Hy : pp1 = pp2 = ... = ppn = 01is rejected, but the hypothesis
that the (N —¢) smallest canonical coefficients are equal to zero, Hy : pp g1 =
Ppgt2z = --. = ppn = 0, is accepted, then the estimated lag order is p and

the estimated number of factors or dim(u;) equals g.

3.2 Estimation and Kalman prediction

Let the T' x N data matrix X consist of normalized realizations of x; €
RN, t=1,2,...T: X = [331 Ty ... a;T:|, where x, is the yield vec-

tor at time ¢t. The singular value decomposition (SVD) to X yields X =



S
UScC’, with U'U = UU' = Iy, C'C = CC' = Iy, S = ' , and

0
S = diag(s1, S2, ...,SN), S1 > S2 > ... > Sy.

Select k < kmax = min(N,T) and apply a least squares decomposition
X =U,S,C, +U,8,C,=X + E (8)

where U, = (uy...ug), Uy = (Upi1-- - Upmae), Cr = (c1...¢x), Cy =
(Cka1 - - Chmaz), Sk = diag(sy...sg) and Sy = diag(ski1 - - - Skmaz) With s3>
Sg > ... > Spmas > 0, B = [C’k 02}, C, € RT*k C, ¢ RT*(kmaz=k)
and C;,Cy = I,. The Euclidean norm of the errors E is equal to ||E||%4 =
IIX — X||%2 = t(E'E) = Zf;”,?fl s3, which is the minimum. Note that
the least squares properties E'X = Vo SoULUL SV, = 0 and X'E =0 are
satisfied because of the orthogonality of U.

Taking transposes of the least squares decomposition (8) we get
XI:X/+EI: |:Ci'1 iT] + |:61 6T:| )

where X’ is equal to

X/: |:Z%1 iT:| :CkSk |:F1 .l:—‘T:| ’
with U, = [13"1 FT], and U U, = Zle EFA}/ = I. The second com-

ponent of the least squares decomposition (8), the errors E’, can be written



as

E' = |:61 €T:| = C2SQU57

with V. = F'E = C,S2C). Note that V, also captures an approximate

factor structure, which is more general than the exact factor structure.

4 Application

4.1 Data

Our data consists of continuously compounded annualized U.S. interest rates,
swap rates to be precisely, for three months, one year, two years, three years,
four years, five years, seven years, and ten years, for 3468 consecutive days,
covering the period September 1988 until May 2005, incomplete days ex-
cluded. Figure 1 shows our term structure data in 3D format. We have
N = 8 interest rates for 7' = 3468 days. The figure shows that the term
structure was normal, i.e. the ten year interest rates exceeding the three
months rate, for most of the sample, but inverted for the first 650 observa-

tions.
[Figure 1 about here.]

Table 1 gives some additional information on the interest rates in the form
of descriptive statistics. The 10-year rate, usually referred to as the capital
market rate has the highest mean and minimum, but the lowest standard
deviation. The 3-month rate, the money market rate attains the highest
value, and almost the lowest value, and shows the highest volatility (standard

deviation).



[Table 1 about here.]

4.2 Estimation and testing results

First we applied the Jacobs-Otter (2008) testing procedure described in Sec-
tion 3.1 to the normalized term structure data. Unfortunately, our method
did not work well for this data set. The yield curve has (almost) the same
shape in terms of level, slope, and curvature for all periods, so the obser-
vations are strongly correlated at all lags, and therefore our test breaks
down. We decided to use the testing procedure of Section 3.2 and ob-
tained an estimated State-Space model based on 77 = 2000 observations,
and to use the Kalman Filter to predict the yield curve one-step ahead for
T="1T,,T14+1,T) + 2, ..., where the number of factors is based on the sum
of squared prediction-errors.

The estimated state-space model is

F.,=AF,+Gw, t=T,+1,...,T,

Xt = CA’E+€,§,

0.9994  0.0001 —0.0002 —0.0005

. A —0.0006  0.9991 —0.0022 —-0.0001
where A=) ' F,F} | =
0.0012  0.0018  0.9966 —0.0019

—0.0003 —0.0018 —0.0009 0.9712
V. = C,83C), C = CiSk, and G = diag(jy, . .., g) with ¢; = (max(u;) —

min(u;))/6, j = 1,...,k, G = [0.0035 0.0118 0.0161 0.0186| and U, =

10



= [’Lh o Uk} , with u; € R”" and orthonormal. All estimates are
Fr.
based on T; observations. In the Kalman filter the initial value for the state

vector is Frp,.

The squared prediction error (PE) can be expressed as

N T N
IPEIE=3" 3" (pea)? = s = tr(PE'PE),
i=1 =T\ +1 =1
with PE' = [peTl IR PGT} e RVX(T=T1)  Table 2 lists the squared pre-

diction errors for different values of k. As can be seen, the squared prediction
errors are very small. As written in the Introduction, three latent factors are
generally distinguished. Taking aboard a fourth factor however decreases the
prediction error considerably. In the remainder of this section, our analysis

will therefore be based on a dynamic factor model with k& = 4 factors.

[Table 2 about here.]

Figure 2 shows the histograms of the prediction errors of the eight interest
rates in our data, which gives an indication of the quality of the predictions
produced by our estimated state-space structure. The prediction error his-
tograms for the eight interest rates are not only normally distributed but also
small in magnitude. Note that the figures on the x-axes have to be multiplied

by 1073,

[Figure 2 about here.]
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Figure 3 presents histograms of the estimated factors, for t = 1,...,2000.

It is easily seen that the estimated factors are not normally distributed.
[Figure 3 about here.]

Figures 4 and 5 shows the four factors and the factor loadings. Factor
loading 1 together with the time series of estimated factor 1 represent the
general level which is decreasing throughout the estimation period, see also
Figure 1. Factor loading 2 in Figure 4 is the slope, i.e. the spread between
the 10-years interest rate and the 3-months interest rate. The graph of factor
2 in Figure 5 illustrates that the yield curve was inverted for the first 650
observations, with a positive sign for the short-term rates for the first 650
observations and a negative sign for the long-term rates. After the first
650 observations the yield curve becomes normal. Note that the slope is
flattening in the second period. The curvature, factor loading 3 in Figure
4, is negative for both short-term rates and long-term rates, and positive
in between. However, factor 3 in Figure 5 is changing sign over time. The
fourth factor loading, the bottom right graph in Figure 4, is positive for the
3-months interest rate and medium-term interest rates, and negative for the
10-years interest rate, but with periodically changing signs and a negative
trend at the end of the sample. At the moment, a clear interpretation is

lacking.

[Figure 4 about here.]

[Figure 5 about here.]
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5 Conclusion

In this preliminary study our main goal was to apply the Jacobs and Otter
(2008) testing procedure to yield curve data in order to get a dynamic factor
model. However the testing procedure broke down due to the special time-
invariant features of the yield curve, namely the level, the slope, and the
curvature. The least-squares procedure, based on the Euclidean matrix norm,
proved to be useful to gain insight into the time series of the individual
weights (factors) of each of the interest rates on the general, time-invariant
features of the yield curve (factors loadings).

In future research we will analyze yield curve data of the U.S. and Europe,
in particular Germany, and apply our testing procedure to detect Wiener-
Granger causality or feedback processes. In addition we will investigate the
sampling frequency of the data to detect long-term systematic movements in
the yield curve, to overcome the problem that high-frequency data induce a

lot of noise.
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Figure 1: U.S. term structure data, period

19



1500
1000

500

500

500

600

Figure 2: Histograms of prediction errors in

three month

two year

0.5

four year

3

x 10

-0.5

seven year
T

0.5

20

600

interest rates

one year

three yeal
500 1
0
-15 -1 -0.5 0 0.5 1 15 2 25 3
x10°
five year
500 1
0
-2.5 -2 -15 -1 -0.5 0 0.5 1 15 2 25
x10°
ten year
600 T T T T




Figure 3: Histogram of estimated factors, t = 1,...,2000
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Figure 4: Factor loadings in dynamic factor model with k=4
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Figure 5: Time series of estimated factors in dynamic factor model with k=4
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Table 1: U.S. term structure data: descriptive statistics

mean st. dev. min. max
3-month 0.0447 0.0219 0.0195 0.0988
1-year 0.0444 0.0196 0.0191 0.0947
2-year 0.0463 0.0176 0.0199 0.0916
3-year 0.0484 0.0163 0.0221 0.0888
4-year 0.0504 0.0153 0.0246 0.0878
5-year 0.0520 0.0145 0.0270 0.0869
T-year 0.0547 0.0134 0.0310 0.0852
10-year 0.0573 0.0124 0.0345 0.0845
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Table 2: Prediction errors (PEs) for different numbers of factors k

k 1 2 3 4 5 6 7
PE 0.2093 0.0159 0.0035 0.0023 0.0022 0.0022 0.0022
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