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d
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sto
ch

astic
p
ro

cess
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g
r
a
te

d
if
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n
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-station
ary
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u
t
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fi
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d
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ces

∇
X
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X

t
−
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ary.
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{
X
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p
ro

cess
w

h
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en
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th
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X
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a
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b
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p
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−
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â
of

a
(for
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p
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d
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m
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a

p
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o
d
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p
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an

d
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w
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m

o
d
el.
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secon
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o
d
el.
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∇
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+
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ite
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ce.



•
D

efi
n
e

th
e

coin
tegration

sp
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of
{
X
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C
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{
a
>

X
t }

is
station

ary
}

C
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p
ly
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e
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ace
of
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.
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=
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th

en
th

ere
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n
o

coin
tegration

.
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Π
h
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fu
ll

ran
k

th
en
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ary.

•
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oin
tegration
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in
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b
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in
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d
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b
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H
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Π
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p
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eory
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th

e
fi
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ite
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case.
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b
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p
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lau
skas

&
R

ach
ev

,

1998).

•
F
or

sim
p
licity,

w
e

w
ill

con
sid

er
com

p
on

en
t-b

y
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e
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e
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e
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b
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an
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en
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∇
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∇
X
>t−

k
+

1 φ
k
−

1 )

over
som

e
ap

p
rop

riate
sp

ace
w

h
ere

ρ
is

a
con

vex
fu

n
ction

in
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−
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=
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=

Π
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atrices

{Λ
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∑i=

1

U
i
−

b
n
∼
P

E

w
h
ere

n
−

E
=

ex
p
[−
E

ln
(n

)]
=

∞∑k
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b
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T
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e
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d
ex
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R
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R
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p
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b
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con
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E
if
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m
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{∆
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∆
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1
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1

U
t
−

b
n
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→
P

E
.
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{∆

n
}
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g
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e
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g

sen
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n
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∞

∆
b
s
n
c ∆
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1

n
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s

E
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>
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–
F
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y
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D

b
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d
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0
,
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e
h
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n
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∞
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(∆
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1
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∈
D
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)

for
som

e
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φ
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m

p
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i }
i.i.d

.
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u
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w

ith
E

(X
i )

=
0,
E

(X
2i
)
=

1,

Y
i
∼

C
au

ch
y
.

•
D

efi
n
e

U
i
=


X

i
+
Y

i

X
i
−
Y

i


.

•
E
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en

ts
of

U
i
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in

th
e

d
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of
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of

a
C
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ch

y

d
istrib

u
tion
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d

1n

n
∑i=

1

U
i

d
−
→


Y

0

−
Y

0



w
h
ere

Y
0
∼

C
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ch
y
.

•
T

h
e
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g
d
istrib

u
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trated
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e-d
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b
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of
R
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g
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.

•
D
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n
e

∆
n
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1
/
2

n

n
1
/
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n



•
T
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∆
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1
n
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1

U
i

d
−
→


X
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Y
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
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X
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Y
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d
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d

Y
0
∼

C
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y
.

•
F
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p
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
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d
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p
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r
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a
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n

•
A

sy
m

p
totic

d
istrib

u
tion
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eory

for
estim
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of

Π
com

b
in

es
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e
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n
iq

u
es

u
sed

in

–
D

av
is

e
t
a
l.

(1992)
for

station
ary

A
R

p
ro

cesses,

–
K

n
igh

t
(1989,

1991)
for

th
e

u
n
it

ro
ot

A
R

(1)
p
ro

cess,
an

d

–
S
am

arako
on

&
K

n
igh

t
(2009)

for
gen

eral
u
n
it

ro
ot

tests.

•
T

h
e

asy
m

p
totics

d
ep

en
d

on
w

h
eth

er
w

e
d
o

u
n
con

strain
ed

m
in

im
ization

or
p
ro

ject
on

to
C
⊥

.

–
u
n
con

strain
ed

—
p
oin

t
p
ro

cess
(i.e.

n
on

-stan
d
ard

)

asy
m

p
totics.

–
p
ro

jection
s

—
m

ore
classical

asy
m

p
totics

in
volv

in
g

an

op
erator

stab
le

p
ro

cess
an

d
a

B
row

n
ian

m
otion

.



W
h
a
t

a
r
e

th
e

r
e
g
u
la

r
ity

c
o
n
d
itio

n
s
?

•
{B

>
ε

t }
are

in
th

e
d
om

ain
of

attraction
of

an
op

erator
stab

le

law
w

ith
in

d
ex

E
w

h
ose

eigen
valu

es
are

greater
th

an
1/2

w
ith

b
n

=
0;

•
ρ

is
a

con
vex

fu
n
ction

w
ith

d
erivatives

ψ
=
ρ
′
an

d
ψ
′
=
ρ
′′

satisfy
in

g

|ψ
(x

+
y
)
−
ψ

(x
)|

≤
K

1 |y
| δ

1
an

d

|ψ
′(x

+
y
)
−
ψ
′(x

)|
≤

K
2 |y
| δ

2

w
h
ere

δ
1
>

m
ax
{2(α

−
1)/α

,0},
δ
2
>

0,
an

d
K

1 ,
K

2
are

p
ositive

con
stan

ts;

•
E

[ψ
(ε

ti )]
=

0,
E

[ψ
2(ε

ti )]
<
∞

,
an

d
0
<
E

[ψ
′(ε

ti )]
<
∞

w
h
ere

ε
t
=

(ε
t1 ,···,ε

tp )
>

.



•
L
o
ok

at
asy

m
p
totic

b
eh

av
iou

r
of
{
X

t }
on

C
⊥

.

•
D

efi
n
e

p
artial

su
m

p
ro

cess
S

n
as

follow
s:

S
n
(u

)
=

∆
−

1
n
A
>

X
b
n

u
c

=
Λ
−

1
n

b
n

u
c

∑s
=

1

B
>

ε
s
+
o

p (1)

w
h
ere

∆
−

1
n

=
Λ
−

1
n

{
B
>

(I
−

Φ
1
−
···−

Φ
k
−

1 )A
}

•
S

n
f
−

d
−
→

S
E

,
a

op
erator

stab
le

L
év

y
p
ro

cess.



R
e
s
u
lts

:
F
o
cu

s
on

estim
ation

of
Π

w
ith

row
s

p
ro

jected
to
C
⊥

;

th
ese

sh
ou

ld
b
e

close
to

0.

•
If

Π̂
n

is
th

e
“stacked

”
estim

ator
th

en

n
1
/
2∆

>n
A
>

Π̂
>n

d
−
→

(∫
1

0

A
>

S
E

(s)S
>E

(s)A
d
s )

−
1 (∫

1

0

A
>

S
E

(s)
d
W

>
(s) )

Γ
−

1

w
h
ere

–
colu

m
n
s

of
A

are
an

orth
on

orm
al

b
asis

for
C
⊥

;

–
W

is
a

zero-m
ean

G
au

ssian
p
ro

cess
in

d
ep

en
d
en

t
of
S

E
)

w
ith

E
[W

(s
1 )W

>
(s

2 )]
=

m
in

(s
1 ,s

2 )Σ
,

Σ
=

(C
ov

[ψ
(ε

ti ),ψ
(ε

tj )] )
;

–
Γ

=
d
iag(E

[ψ
′(ε

t1 )],···,E
[ψ
′(ε

tp )]).



•
G

iven
Γ̂

n
an

d
Σ̂

n
con

sisten
t

estim
ators

of
Γ

an
d

Σ
th

en

T
n

=
Υ
>n

(
Π̂

n
A
)
>
(
Γ̂

n
Σ̂
−

1
n

Γ̂
n )
(
Π̂

n
A
)

Υ
n

d
−
→
W

r (p
,I

),

a
stan

d
ard

W
ish

art
d
istrib

u
tion

w
ith

r
=

d
im

(C
⊥

)
w

h
ere

Υ
n
Υ
>n

=
A
>

(
n
∑t=
k
+

1

X
t−

k
X
>t−

k )
A
.

•
T
o

test
H

0
:
C

=
C
0 ,

u
se

test
statistics

b
ased

on
th

e
eigen

valu
es

of
T

n
:

–
m

ax
im

u
m

eigen
valu

e
—

can
an

aly
tically

evalu
ate

th
e

lim
itin

g
d
istrib

u
tion

,
alb

eit
p
ain

fu
lly

(M
u
irh

ead
,
1982)

or

v
ia

sim
u
lation

;

–
trace

—
χ

2
lim

itin
g

d
istrib

u
tion

.



•
R

ate
of

con
vergen

ce
is

faster
th

an
for

L
S
:

–
F
or

L
S

estim
ation

,
w

e
h
ave

O
p (n

−
1)

con
vergen

ce
rate;

–
for

M
-estim

ation
,
w

e
h
ave

essen
tially

O
p (n

−
1
/
2n
−

τL
(n

))

con
vergen

ce
w

h
ere

τ
is

th
e

sm
allest

of
th

e
real

com
p
on

en
ts

of
th

e
eigen

valu
e

of
E

an
d
L

(n
)

is
a

slow
ly

vary
in

g
fu

n
ction

.

•
L
im

itin
g

d
istrib

u
tion

is
in

d
ep

en
d
en

t
of
E

an
d
{∆

n
}

—
th

u
s

w
e

d
on

’t
n
eed

to
estim

ate
tail

in
d
ices!



3
.

F
IN

A
L

C
O

M
M

E
N

T
S

•
T

h
e

resu
lts

can
b
e

ex
ten

d
ed

to
allow

d
rift

an
d

oth
er
I
(0)

term
s

(in
clu

d
in

g
an

in
tercep

t)
in

th
e

m
o
d
el.

–
N

eed
on

ly
correct

for
estim

ation
of

th
ese

ad
d
ition

al

p
aram

eters.

•
A

sy
m

p
totic

th
eory

for
estim

ators
of

Φ
1 ,···,Φ

k
−

1
is

n
on

-stan
d
ard

—
p
oin

t
p
ro

cess
asy

m
p
totics.

•
O

p
en

q
u
estion

:
Is

a
“d

om
ain

of
attraction

”
assu

m
p
tion

n
ecessary

?

–
D

o
es

T
n

d
−
→
W

r (p
,I

)
if

a
>

ε
t

h
as

in
fi
n
ite

varian
ce

for
all

n
on

-zero
a
?

•
E

x
ten

sion
s

to
d
om

ain
s

of
attraction

w
ith

a
N

orm
al

com
p
on

en
t

also
are

p
ossib

le.


