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Oscillation Processes
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Figure: 1000 Observations from an ECG
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Oscillation Processes
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Figure: 1000 Observations from an ECG

Idea for a model:  y; = a; f(¢¢) + br + €
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Oscillation Processes
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Figure: 1415 Observations from a Rossler Attractor

Rainer D n C. Neddermeyer Phase Estimation for Fluctuation Processes



Oscillation Processes

Figure: 1415 Observations from a Rossler Attractor
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Figure: Monthly sunspot numbers
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Model for Oscillation Processes

@ yi = arf(or) + br + e, ¢t = ¢o +wt mod 27
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Model for Oscillation Processes

@ yi = arf(or) + br + e, ¢t = ¢o +wt mod 27
@ yr=arf(or) + bt + e, Apt =Pt — 1 =w
° A¢t = w + on with (say) 7 iid (0, 1)
= ¢t = ¢o +wt+ o (Random Walk),
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Model for Oscillation Processes

@ yi = arf(or) + br + e, ¢t = ¢o +wt mod 27
@ yi = aif(or) + bt + e, At =t — Pt 1 =w
° A¢t = w + on with (say) 7 iid (0, 1)
= ¢t = ¢o +wt+ o (Random Walk),
° A¢t = BAdt 1 +w+ont
= ¢ is an integrated process
@ overcome problem of (possibly) negative A¢; !!
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Model for the Phase Process ¢;: ACD-model

Model A¢; as the durations of an ACD(1,0)-model (Engle and
Russell, 1998), i.e.

Ay = Prne where Pr=a+ 8 Ad; 1,

with positive random variables 7; (e.g. Gamma distributed).
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Model for the Phase Process ¢;: ACD-model

Model A¢; as the durations of an ACD(1,0)-model (Engle and
Russell, 1998), i.e.

A¢r =P where P =a+ 3 Ad_1,
with positive random variables 7; (e.g. Gamma distributed).

o Ent

E(Adr) = 5 —5
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General State-Space Model

Observation equation

Yt = arf(ot) + bt + e
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General State-Space Model

Observation equation

Yt = arf(ot) + bt + e

State equations
a a1 &t
() -2(0)+ ()
(¢t> <¢t—1 + (a + Bt )771‘)
Yt (o + Boe_1)nt

with independent e;, mz, &, G, (&1, G) T ~N (0, Q), et~ N (0, 02).
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General State-Space Model

Observation equation

Yt = arf(ot) + bt + e

State equations
a a1 &t
() -2(0)+ ()
(¢t> <¢t—1 + (a + Bt )771‘)
Yt (o + Boe_1)nt

with independent €t Mt 61‘7 Cta (5?7 (f)TNN(ov Q)a EtNN(Ov 062)
ne ~(2,2)
(1t = 9ymy is an auxiliary state)
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Model:

yt=atf(ot) + bt + e
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Model:

yt=atf(ot) + bt + e

@ Predict phase ¢;
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Goals

Model:
yt=atf(ot) + bt + e

@ Predict phase ¢;
@ Predict ag, bt
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Model:
yt=atf(ot) + bt + e

@ Predict phase ¢;
@ Predict ag, bt
@ Estimate parameters
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Goals

Model:
yt=atf(ot) + bt + e

@ Predict phase ¢;

@ Predict ag, bt

@ Estimate parameters
@ Estimate f(+)
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Nonparametric view

Observations:
yt:atf(¢t)+bt+et, t:1,...,T

with unknown f, ¢;, a; and by.
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Nonparametric view
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Nonparametric view

Observations:
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and with respect to f and ¢;
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Nonparametric view

Observations:
yt:atf(¢t)+bt+et, t:1,...,T

with unknown f, ¢;, a; and by.

Severe identification problems:

@ What is a phase?

@ Trivial identification problems with respect to f, a; and b;
and with respect to f and ¢;

@ The system is e.g. identifiable if ¢y = tor ¢; =t/T

@ Hope: The system stays identifiable for a parametric model
for ¢;
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Nonparametric view

Observations:
yt:atf(¢t)+bt+et, t:1,...,T

with unknown f, ¢;, a; and by.

Severe identification problems:

@ What is a phase?

@ Trivial identification problems with respect to f, a; and b;
and with respect to f and ¢;

@ The system is e.g. identifiable if ¢y = tor ¢; =t/T

@ Hope: The system stays identifiable for a parametric model
for ¢;

@ | Most of the identifiability problems still need to be solved !
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Inference with known parameters (e.g. f(x) = cos(x))
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Inference with known parameters (e.g. f(x) = cos(x))

@ A particle filter is used with importance weights (and a
resampling step) where N=100-500;
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Inference with known parameters (e.g. f(x) = cos(x))

@ A particle filter is used with importance weights (and a
resampling step) where N=100-500;

@ Gaussianity is assumed for a; and b; and
Rao-Blackwellization can be applied, i.e. a (conditional)
Kalman filter is used for a; and b; (leading to a significant
reduction of N)
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Inference with known parameters (e.g. f(x) = cos(x))

@ A particle filter is used with importance weights (and a
resampling step) where N=100-500;

@ Gaussianity is assumed for a; and b; and
Rao-Blackwellization can be applied, i.e. a (conditional)
Kalman filter is used for a; and b; (leading to a significant
reduction of N)

@ A fixed lag smoother is applied in order to overcome the
problems due to sample depletion
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Estimation of parameters (f known, e.g. f(x) = cos(x))

EM-algorithm:
Maximize and calculate

Q(ew(m)) = E9(m) [IOg p@(XO:Ta }/1:T)U’1 :T]

where
Xt == (¢, 1, ar, br)'.
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Simulations (simulated data - low noise)

Model: y; = a; cos(¢t)+bi+er, Agpr ~ ACD(1,0), T =1000
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Figure: True and estimated signal, low-noise-case
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Simulations (simulated data - high noise)

Model: y; = a; cos(¢t)+bi+er, Agpr ~ ACD(1,0), T =1000
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Figure: True and estimated signal, high-noise-case
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Simulations (simulated data - low noise)

Model: y; = a; cos(¢t)+bi+er, Agpr ~ ACD(1,0), T =1000
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Figure: True and estimated ¢, a;, b:, low-noise-case
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Simulations (simulated data - high noise)

Model: y; = a; cos(¢t)+bi+er, Agpr ~ ACD(1,0), T =1000
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Figure: True and estimated ¢, a;, br, high-noise-case
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Noisy Roéssler Attractor - low noise

Model: y; = a; cos(¢¢)+bi+er, Apr ~ACD(1,0), T =1450

I,
I,

Figure: x;-component of the Rdssler attractor with additive i.i.d. N(O; 4)
noise, Hilbert transform + true, Phase estimate + true, estimated signal +true
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Noisy Roéssler Attractor - high noise

Model: y; = a; cos(¢¢)+bi+er, Apr ~ACD(1,0), T =1450

I
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Figure: x;-component of the Rdssler attractor with additive i.i.d. N(0; 40)
noise, Hilbert transform + true, Phase estimate + true, estimated signal +true
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f unknown

lterate the following procedure:
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f unknown

lterate the following procedure:

@ For given f; predict (the conditional density of) a;, by, ¢: by
the particles of the particle smoother
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f unknown

lterate the following procedure:
@ For given f; predict (the conditional density of) a;, by, ¢: by
the particles of the particle smoother

@ Estimate f (i.e. obtain 1) by the Nadaraya-Watson
estimate
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Example with f unknown - ECG-data
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Figure: T=1000 observations of a human ECG

Model: ;= af(ér)+ br+er, Ady~ACD(1,0), T =1000
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Example with f unknown - ECG-data
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Figure: Estimate of f after each iteration of the EM-algorithm
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Open Problems

@ Explore limits of the method for small T
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Open Problems

@ Explore limits of the method for small T
@ Solve identifiability problems
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Open Problems

@ Explore limits of the method for small T
@ Solve identifiability problems
@ + many many more ...
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